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Abstract
We establish global existence of solutions to the compressible Euler equations, in the case that
a finite volume of ideal gas expands into vacuum. Vacuum states can occur with either smooth or
singular sound speed, the latter corresponding to the so-called physical vacuum singularity when
the enthalpy vanishes on the vacuum wave front like the distance function. In this instance, the
Euler equations lose hyperbolicity and form a degenerate system of conservation laws, for which
a local existence theory has only recently been developed. Sideris [25] found a class of expanding
finite degree-of-freedom global-in-time affine solutions, obtained by solving nonlinear ODEs. In
three space dimensions, the stability of these affine solutions, and hence global existence of
solutions, was established by Hadžić & Jang [7] with the pressure-density relation p “ ργ with
the constraint that 1 ă γ ď 5
3
. They asked if a different approach could go beyond the γ ą 5
3
threshold. We provide an affirmative answer to their question, and prove stability of affine flows
and global existence for all γ ą 1, thus also establishing global existence for the shallow water
equations when γ “ 2.
1 Introduction
We consider the problem of global existence of solutions to the isentropic compressible Euler equa-
tions of gas dynamics in d space dimensions, with d “ 1, 2, 3. The isentropic system consists of
two basic conservation laws: the conservation of momentum and the conservation of mass. Letting
u “ pu1, ..., udq denote the velocity vector and ρ the density function, conservation of momentum
and mass can be written, respectively, as
Btpρuq ` divrρub u` ppρq Ids “ 0 and Btρ` divpρuq “ 0 ,
supplemented with the ideal gas law which states that the pressure function ppρq “ ργ for γ ą 1.
Both u and ρ depend on the space coordinate x “ px1, ..., xdq and time t ě 0. By definition, a
vacuum state exists on the set tρpx, tq “ 0u. The set Ωptq :“ tρpx, tq ą 0u defines the location of
the gas, and of particular interest is the evolution of the gas-vacuum boundary Γptq :“ BΩptq, also
known as the “front.”
In the absence of vacuum, when ρpx, tq ě ̺ ą 0 in Rd, the Euler equations are hyperbolic, and
when the initial density and velocity are constant outside a compact set, classical C1 solutions exist
on a (possibly very short) time interval r0, T s (see, for example, Majda [20]). Sideris [24] proved
that even for small initial data, if the gas is slightly compressed and out-going near the front Γptq,
then T ă 8 (see also [2]).
In the presence of vacuum, strict hyperbolicity fails and local-in-time existence was established
in [21, 1]. As we shall describe below, vacuum states can occur with either smooth or singular sound
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speed. For the easier case of smooth sound speed, Serre [22] proved that there exist sufficiently small
and smooth initial density profiles with smooth initial velocities close to a linear field that cause gas
particles to spread and the velocity to decay, thus leading to global-in-time solutions.
The case of singular sound speed, also known as the physical vacuum singularity, is more difficult
to analyze; a priori estimates were given in Coutand, Lindblad, & Shkoller [3], and local existence
was established by Coutand & Shkoller [4, 5] and Jang & Masmoudi [8, 9]. Later Coutand &
Shkoller [6] showed that there exists a large class of physical vacuum solutions in which the vacuum
boundary self-intersects in finite-time, thus leading to a so-called splash singularity. On the other
hand, Sideris [25] has constructed a new class of global-in-time affine solutions for the physical
vacuum case, which are obtained by solving ODEs. For three-dimensional flows, Hadžić & Jang [7]
have constructed global solutions by proving the global existence of small perturbations to these
affine flows for the case that 1 ă γ ď 5
3
; with their scheme, if γ ą 5
3
, a so-called “anti-damping”
term arises and their method is not applicable. In particular, Remark 1.3 of [7] states: “It would be
interesting to understand whether one can go beyond the γ ą 5
3
threshold.”
The purpose of this paper is to prove that, in fact, global solutions exist for all γ ą 1. We
introduce a simple strategy which shows that there is no upper bound on γ, and thus prove global
existence for the physical vacuum singularity for the general ideal gas law. This includes the impor-
tant case of the shallow water equations corresponding to γ “ 2.
1.1 The Euler equations with vacuum states as a free-boundary problem
We fix a time interval 0 ď t ď T . In the presence of the physical vacuum singularity, solutions to
the Euler equations are not smooth across the front Γptq; thus, rather than studying weak solutions
on Rd ˆ r0, T s, we instead formulate the Euler equations as a free-boundary problem set on the a
priori unknown domain Ωptq. We write the isentropic compressible Euler equations as
ρrBtu` u ¨∇us `∇ppρq “ 0 in Ωptq , (1a)
Btρ` divpρuq “ 0 in Ωptq , (1b)
p “ 0 on Γptq , (1c)
VpΓptqq “ u ¨ n (1d)
pρ, u,Ωq “ pρ0, u0,Ω0q on tt “ 0u . (1e)
As noted above, the gas occupies the open, bounded subset Ωptq Ă Rd, Γptq :“ BΩptq denotes
the time-dependent vacuum boundary, VpΓptqq denotes the normal velocity (or speed) of Γptq, and
n “ np¨, tq denotes the exterior unit normal vector to Γptq.
1.2 Physical vacuum boundary condition
The rate at which the density ρpx, tq vanishes on Γptq is extremely important. With the sound speed
given by c :“
a
Bp{Bρ and N denoting the outward unit normal to Γ0 :“ BΩ0, satisfaction of the
condition
Bc20
BN
ă 0 on Γ0 (2)
defines a physical vacuum boundary (see [13], [15], [16], [17], [14], [26], [18], [19]), where c0 “ c|t“0
denotes the initial sound speed of the gas. In this case, the sound speed is not a smooth function on
R
d.
The physical vacuum condition (2) is equivalent to the requirement that
Bργ´10
BN
ă 0 on Γ0 , (3)
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a condition necessary for the gas particles on the boundary to accelerate. Since ρ0 ą 0 in Ω0, (3)
implies that for some positive constant C and x P Ω0 near the vacuum boundary Γ0,
ρ
γ´1
0 pxq ě Cdistpx,Γ0q , (4)
where dist denotes the distance function, and distpx,Γ0q is the distance from the point x P Ω0 to
the boundary Γ0. As noted by Serre [23], the physical vacuum condition occurs when the front Γptq
is accelerated by a force resulting from a Hölder singularity of the sound speed c. Vacuum states
can occur when the sound speed is smooth or singular; the physical vacuum requires that c have
1
2
-Hölder regularity, and we shall be concerned with this singular scenario herein. See also [12] for
the analysis of the shoreline problem using the 1-d shallow water equations.
1.3 Affine solutions to compressible Euler
The set of d ˆ d matrices is denoted by Md. We let GL`pd,Rq “ tA P Md : detA ą 0u. With
Ω0 “ Bp0, 1q “ t|x| ă 1u, Sideris [25] constructed global-in-time affine solutions to (1) as follows:
Ωptq “ A ptqBp0, 1q , upy, tq “ 9A ptqA ptq´1y , ρpy, tq “ ρ0p|A ptq
´1y|q{ detAptq . (5)
where pA , 9A q P C0pr0,8q; GL`pd,Rqq satisfies the ordinary differential equation
:A ptq “ detpA ptqq1´γA ptq´T t ą 0 , (6)
with initial conditions at t “ 0 given by A p0q and 9A p0q. Thus, the vacuum boundary Γptq evolves as
a rotating ellipsoid. We shall restrict our attention to affine motions for which the gas is expanding
in all three directions; in particular, we shall consider affine solutions A ptq whose determinant grows
at the maximal rate of p1 ` tq3, as t Ñ 8 (which necessarily holds if 1 ă γ ď 5
3
). The next lemma
gives conditions under which such solutions exist.
Lemma 1. Suppose that 1 ă γ ď 5{3. Let A ptq be an arbitrary (global) solution of the system (6)
in 3-d. Then
detA ptq „ p1` tq3, t ą 0. (7)
and
|A 2ptq| À p1` tq´3γ`2. (8)
In addition, there exists a unique positive definite matrix A1 such that for all t ą 0
|A 1ptq ´A1| À p1 ` tq
´3γ`3 (9)
and
|A ptq ´A1t| À
$’&’%
p1 ` tq´3γ`4, 1 ă γ ă 4{3,
logp2` tq, γ “ 4{3,
1, 4{3 ă γ ď 5{3.
Suppose that 5{3 ă γ. Choose matrices A1, A0, with A1 positive definite. Then there exists a
unique (global) solution A ptq of the 3-d system (6) such that (7), (8), (9) hold, and also
|A ptq ´ pA1t`A0q| À p1 ` tq
´3γ`4. (10)
Proof. Assume that 1 ă γ ď 5{3. Let A ptq be an arbitrary (global) solution of the system (6) in
3-d. By Theorem 3 (27) of [25], we have that (7) holds.
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By the energy estimate (see Lemma 4 in [25]), we have |A 1ptq| À 1, and so we obtain that
|A ptq| À 1` t, t ą 0. (11)
Using (7) and (11), we find that
|A 2ptq| “ detA ptq´pγ´1q|A ptq´J| “ detA ptq´γ | cof A ptq| À p1 ` tq´3γ`2, (12)
which establishes (8). The right-hand side of (12) lies in L1r0,8q, and so for any t ą 0, we may
write
A
1ptq “ A 1p0q `
ż 8
0
A
2pτqdτ ´
ż 8
t
A
2pτ0qdτ. (13)
We define
A1 “ A
1p0q `
ż 8
0
A
2pτqdτ. (14)
The equations (13) and (14) immediately yield (9). The uniqueness of A1 follows from the uniqueness
of limits. The remaining estimate follows by integration of (9).
In the case 5{3 ă γ, the statements (8), (9), (10) follow directly from Theorem 5 in [25]. The
statement (7) follows from (10).
Remark 1. Since A1 P GL
`p3,Rq, using the singular value decompostion, there exist U, V P
SLp3,Rq such that UA1V is positive definite and diagonal. Note that if A ptq is a solution of (6),
then so too is UA ptqV . Therefore, we may assume without loss of generality that A1 is a diagonal
matrix.
The simplest affine solution corresponds to the case that
A ptq “ αptq Id ,
in which case we have an expanding spherical surface, and the scalar αptq is the solution of
:αptq “ α´dγ`pd´1qptq , (15)
and by Theorem 5 in [25],
αptq „ 1` t as tÑ `8 , and
ż 8
0
1
αpsq1`δ
ds ď C ă 8 for δ ą 0
9αptq „ 1 as tÑ `8 , and 9αptq ě 0 for all t ě 0 .
In order to analyze the stability of the general affine solution,
A ptq “
»–a11ptq a12ptq a13ptqa21ptq a22ptq a23ptq
a31ptq a32ptq a33ptq
fifl ,
we shall make use of Lemma 1.
1.4 Main Result
The precise norms for our analysis shall be defined later in Sections 3 and 4 but we can, nevertheless,
state the main result.
Theorem 1 (Main result). For affine solutions (5) such that the assumptions of Lemma 1 are
satisfied, and for space dimension d “ 1, 2, 3 and all γ ą 1, sufficiently small perturbations of these
affine solution exist globally-in-time. Moreover, the perturbed velocity field decays (pointwise) to zero
as time tÑ8 and the vacuum boundary remains close the affine ellipsoid for all time and maintains
its regularity.
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1.5 Outline
Section 3 is intended as an introduction to the analysis of the stability of affine flows, and we restrict
our analysis to the relatively simple study of 1d fluid motion, wherein some of the ideas that allow
for all γ ą 1 are explained.
In Section 4, we treat the three-dimensional stability problem. Our primary goal is to explain
the stability analysis for γ ą 5
3
. We first focus on the (shallow water) case that γ “ 2, and then
explain the treatment for general γ.
2 Notaton, weighted embeddings, and Hardy inequalities
2.1 Notation
For 1 ď p ď 8, write }F }Lp for the Lebesgue space L
ppΩ0q norm, and for s ě 0, }F }s for the H
spΩ0q
Sobolev norm. The function x ÞÑ Ppxq will be used to denote C xq for some q ą 1, and a generic
constant C. We write f À g if f ď C g for a generic constant C.
2.2 Inequalities with weights and fractional norms
Using d to denote the distance function to the boundary Γ, for s ě 0, we consider the weighted
Sobolev space HkpΩ0,d, sq, with norm given by
}F }2HkpΩ0,d,sq “
ż
Ω0
d
s
ÿ
|α|ďk
|∇αF pxq|2 .
If s ą 2pk ´ rq ´ 1, then there is a constant C ą 0 depending only on Ω0, k,r, and s such that
}F }2HrpΩ0,d,s´2pk´rqq ď C}F }
2
HkpΩ0,d,sq
. (16)
See Section 8.8 in [10] together with the interpolation theory in Chapter 5 of [11].
We shall also make use of the following higher-order Hardy inequality (see [4, 5] for the proof):
Lemma 2 (Hardy’s inequality in higher-order form). If u P HkpΩ0q X H
1
0 pΩ0q for k ě 1, and
dpxq ą 0 for x P Ω0, d P H
rpΩ0q, r “ maxpk ´ 1, 3q, and d is the distance function to Γ0 near Γ0,
then u
d
P Hk´1pΩ0q and ›››u
d
›››
k´1
ď C}u}k . (17)
We let Rd` “ tx P R
d : xd ą 0u, and for s P R, rss denotes the greatest integer less than or
equal to s. For s ą 0 and s R N, an equivalent norm on HspRd`q is given by
}u}2
HspRd`q
:“ }u}2
HrsspRd`q
`
ÿ
|α|“rss
ĳ
R
d
`ˆR
d
`
|∇αupxq ´∇αupyq|2
|x´ y|d`2ps´rssq
dxdy . (18)
For functions u P HspRdq one replaces the integrals over Rd` with integrals over R
d.
For any smooth bounded domain Ω0, there exists a finite cover by open sets tUiu
K
i“1 and a
partition-of-unity tζiu
K
i“1 subordinate to this open cover. Each set Ui which covers Γ0 is diffeomorphic
to the upper half of the unit ball B` in R3 via the chart θi : B
` Ñ Ui, while interior sets Ui are
diffeomorphic to the unit ball B via θi : B Ñ Ui. Then for u P H
spΩ0q, }u}
2
s “
řK
i“1 }ζi u˝θi}
2
HspRd`q
,
where the HspRd`q-norm is replaced by the H
spRdq-norm if Ui is an interior set.
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3 Global existence for 1-d compressible Euler equations
We include the analysis of flows in one space dimension as a User’s Guide for the multi-dimensional
setting to follow. In one space dimension, the case that 1 ă γ ď 3 does not produce an “anti-
damping” term in the sense of [7] and is thus in the same analysis regime as the three-dimensional
case of 1 ă γ ď 5
3
. We shall explain how to treat all γ ą 1.
3.1 Eulerian free-boundary formulation
In one space dimension, the isentropic compressible Euler equations (1) can is written as
ρpBtu` uBxuq ` Bxppρq “ 0 in Ωptq , (19a)
Btρ` Bxpρuq “ 0 in Ωptq , (19b)
p “ 0 on Γptq , (19c)
VpΓptqq “ u (19d)
pρ, u,Ωq “ pρ0, u0,Ω0q on tt “ 0u . (19e)
For our 1d analysis, we shall use both Bxu and ux to denote the x´derivative of a function u.
3.2 Lagrangian formulation
3.2.1 The Euler equations
We transform the system (19) into Lagrangian variables. We let ξpx, tq denote the “position” of the
gas particle x at time t. Thus,
Btξ “ u ˝ ξ for t ą 0 and ξpx, 0q “ x
where ˝ denotes composition so that ru ˝ ξspx, tq :“ upξpx, tq, tq .
As is shown in [4], ρ ˝ ξ “ ρ0 ξ
´1
x ; hence, the initial density function ρ0 can be viewed as a
parameter, and the compressible Euler equations can be written as a degenerate second-order wave
equation for ξ:
ρ0B
2
t ξ ` Bxpρ
γ
0 ξ
´γ
x q “ 0 in Ω0 ˆ p0, T s , (20a)
pξ, Btξq “ pξ0, ξ1q in Ω0 ˆ tt “ 0u , (20b)
with ξ0 and ξ1 denoting, respectively, the initial position and velocity on Ω0. The initial density
function must satisfy ργ´10 pxq ě Cdistpx,Γ0q for x P Ω0 near Γ0. We let dpxq denote a particular
distance function to be defined below (and associated with our choice of affine solutions), and from
(4), we set
ρ0pxq “ d
1
γ´1 ,
so that (20) becomes
d
1
γ´1 B2t ξ ` Bx
´
d
γ
γ´1 ξ´γx
¯
“ 0 in Ω0 ˆ p0, T s ,
which is equivalent to
B2t ξ `
γ
γ ´ 1
dxξ
´γ
x ´ γdξ
´γ´1
x B
2
xξ “ 0 . (21)
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3.2.2 Perturbations of affine solutions
With the affine solution given by A ptqx “ αptqx, we shall denote by ηpx, tq the perturbation to the
affine flow, and consider solutions to (20) of the form
ξpx, tq “ αptqηpx, tq .
We define the velocity v associated to the perturbation η by vpx, tq “ Btηpx, tq. It follows that
Btξpx, tq “ 9αptqηpx, tq ` αptqBtηpx, tq .
For simplicity, let us suppose that at time t “ 0, ηpx, 0q “ epxq, the identity map on Ω0, and that
Btηpx, 0q “ u0pxq; furthermore, we let αp0q “ 1. Then,
Btξpx, 0q “ 9αp0qx` u0pxq .
In order to analyze the stability of the affine solution, we shall assume that u0pxq is a small pertur-
bation of the initial affine velocity 9αp0qx.
Using the affine solution (15), we see that the pair pη, vq satisfies the following degenerate and
nonlinear wave equation:
Btη “ v in Ω0 ˆ p0, T s , (22a)
αγ`1Btv ` 2α
γ
9αv ` η `
γ
γ ´ 1
dxη
´γ
x ´ γdη
´γ´1
x B
2
xη “ 0 in Ω0 ˆ p0, T s , (22b)
pη, vq “ pe, u0q in Ω0 ˆ tt “ 0u , (22c)
where epxq “ x denotes the identity map, and
Ω0 “ p´1, 1q and dpxq “
γ ´ 1
2γ
p1 ´ x2q on Ω0 .
Note that the physical vacuum condition (4) is satisfied as |dx| “
γ´1
γ
on Γ0 “ t´1, 1u and that
|dx| ď
γ ´ 1
γ
and dxx “ ´
γ ´ 1
γ
on Ω0 . (23)
For our analysis, we shall assume that
}ηxp¨, tq ´ 1}L8 ď
1
10
for all t ě 0 , (24)
and prove later that }ηxp¨, tq ´ 1}L8 ď ǫ for all t ě 0 and for 0 ă ǫ !
1
10
. The bound (24) implies
that
1´
1
10
ď ηxpx, tq ď 1`
1
10
, (25)
and hence that „
1`
1
10
´1
ď η´1x px, tq ď
„
1´
1
10
´1
. (26)
3.3 Smoothing the initial data
To obtain energy estimates, we will work with a smooth sequence of solutions, obtained from smooth-
ing the initial data.
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For κ ą 0, let 0 ď ̺κ P C
8
0 pR
dq denote the standard family of mollifiers with sptp̺κq Ă Bp0, κq,
and let EΩ0 denote a Sobolev extension operator mapping H
spΩ0q to H
spRdq for s ě 0.
With 0 ă κ0 ! 1 chosen small, for κ P p0, κ0q, we set
uκ0 “ ̺ 1|lnκ| ˚ EΩ0pu0q , (27)
so that for any fixed κ P p0, κ0q, u
κ
0 P C
8pΩq. More importantly, due to the standard properties of
convolution, we also have the following estimates:
@s ě 1 ,@κ P p0, κ0q , }u
κ
0}s ď Cs|lnκ|
s}u0}0 .
3.3.1 Global existence for γ “ 2
Because of the particular interest in the shallow water equations (see [12]) and the fact that γ ă 3
does not produce a so-called “anti-damping” term, we shall first explain the proof of global existence
in the case that γ “ 2; the proof for general γ ą 1 will be given below. The momentum equation
(22b) takes the form
α3Btv ` 2α
2
9αv ` η ` 2dxη
´2
x ´ 2dη
´3
x B
2
xη “ 0 in Ω0 ˆ p0, T s . (28)
We define the near-identity map
δηpx, tq “ ηpx, tq ´ x .
Definition 1 (Norm for γ “ 2 in 1-d). We use the following higher-order energy function for
case that γ “ 2:
e2ptq “ }d
7
2 B6xδηp¨, tq}
2
0 `
5ÿ
b“0
´
}αptq
3
2d
1`b
2 Bbxvp¨, tq}
2
0 ` }d
1`b
2 Bbxδηp¨, tq}
2
0
¯
.
The norm is given by
E2ptq “ e2ptq ` }α
3
2 ptqvp¨, tq}2W 1,8 ` }δηp¨, tq}
2
W 1,8 `
3ÿ
b“0
´
}αptq
3
2d
bvp¨, tq}22`b ` }d
bδηp¨, tq}22`b
¯
.
We remark that it suffices to use e2ptq for the analysis, but including all of the terms in E2ptq allows
for a somewhat more transparent approach to controlling the error terms in energy estimates.
From (26), we have that
1
2
ď η´3x px, tq and η
´4
x px, tq ď 2 for t ě 0 , (29)
and we shall make use of these bounds in energy estimates.
Theorem 2. For γ “ 2 and ǫ ą 0 taken sufficiently small, if the initial data satisfies e2p0q ă ǫ,
then there exists a global unique solution of the 1-d Euler equations (19), such that E2ptq ď ǫ for all
t ě 0. Furthermore, ξpx, tq “ αptqηpx, tq is a global solution to the 1-d Euler equations (19).
Proof. Step 1. A sequence of smooth solutions. We consider initial conditions (22c) given by
pη, vq “ pe, uκ0q in Ω0 ˆ tt “ 0u , (30)
where uκ0 is given by (27). Notice that (22) is equivalent to (20); by the local-in-time well-posedness
theorem in [4], using the smooth initial data (30), there exist a smooth solution pηκ, vκq on a short
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time-interval r0, T s (where T depends on κ), such that for each t P r0, T s, ηκp¨, tq P H
7pΩ0q, vκp¨, tq P
H6pΩ0q, and Btvκp¨, tq P H
5pΩ0q. We are thus able to consider higher-order energy estimates, as we
can rigorously differentiate the sequence pηκ, vκq as many time as required. For notational clarity,
we will drop the subscript κ and simply write η and v.
Step 2. Energy estimates. We let B5x act on (28), and letting vt :“ Btv, we find that
α3B5xvt ` 2α
2
9αB5xv ` p1` 14η
´3
x qB
5
xη ´ 2Bx
`
6dxη
´3
x B
5
xη ` dη
´3
x B
6
xη
˘
“ R0 ` R1 ` R2 ` R3 , (31)
where the lower-order remainder terms for the fifth space differentiated problem are given by
R0 “ 42η
´4
x B
2
xη B
4
xη ,
R1 “ ´6Bx
`
5dxη
´4
x B
2
xηB
4
xη ` dη
´4
x B
2
xηB
5
xη
˘
` 27Bx
`
η´4x B
2
xηB
3
xη
˘
,
R2 “ ´6B
2
x
`
4dxη
´4
x B
2
xηB
3
xη ` dη
´4
x B
2
xηB
4
xη
˘
` 15B2x
`
η´4x B
2
xηB
2
xη
˘
,
R3 “ ´6B
3
x
`
3dη´4x B
2
xηB
2
xη ` dη
´4
x B
2
xηB
3
xη
˘
.
Hölder’s inequality and the Sobolev embedding theorem show that
}d3pR0 ` R1 ` R2 ` R3q}0 À E2ptq `PpE2ptqq .
We compute the L2 inner-produce of equation (31) with d6B5xv, and use that
Bxpd
6B5xvq “ d
5p6dxB
5
xv ` dB
6
xvq
to obtain the following identity:
d
dt
ˆ
}α
3
2d
3B5xv}
2
0 `
ż
Ω0
p1` 14η´3x qd
6|B5xη|
2dx
˙
` 4 9α}αd2B4xv}
2
0
` 2
d
dt
ż
Ω0
d
5η´3x
`
6dxB
5
xη ` dB
6
xη
˘2
dx` 42
ż
Ω0
η´4x vxd
6|B5xη|
2dx
` 6
ż
Ω0
d
5η´4x vx
`
6dxB
5
xη ` dB
6
xη
˘2
dx “ 2
ż
Ω0
d
3pR0 ` R1 ` R2 ` R3qd
2B5xv dx ,
and integrating in time, noting that 9αptq ě 0, and using (29), we see that
}α
3
2d
3B5xvp¨, tq}
2
0 ` 8}d
3B5xηp¨, tq}
2
0 `
ż
Ω0
`
6dxd
2.5B5xη ` d
3.5B6xη
˘2
dx
À }d2B4xu0}
2
0 `
ż t
0
}vx}L8
ż
Ω0
`
3d2.5dxB
5
xη ` d
3.5B6xη
˘2
dxds
`
ż t
0
}v}L8
ż
Ω0
d
6|B5xη|
2dxds`
ż t
0
ż
Ω0
d
3
ˇˇ
pR0 ` R1 ` R2 ` R3qd
3B5xv
ˇˇ
dxds ,
where we have used the fact that Baxηpx, 0q “ 0 for a ě 2.
As pη, vq are sufficiently smooth (thanks to Step 1), we can integrate-by-parts to find thatż
Ω0
`
6dxd
2.5B5xη ` d
3.5B6xη
˘2
dx “
ż
Ω0
`
36d2xd
5|B5xη|
2 ` 6d6dxBxp|B
5
xη|
2q ` d7|B6xη|
2
˘
dx
“
ż
Ω0
`
´6d6dxx|B
5
xη|
2 ` d7|B6xη|
2
˘
dx
“
ż
Ω0
`
3d6|B5xη|
2 ` d7|B6xη|
2
˘
dx ,
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the last equality following from (23). Hence, since }vx}L8 ď 2}vx}1 on Ω0,
}α
3
2d
3B5xvp¨, tq}
2
0 ` }d
3B5xδηp¨, tq}
2
0 ` }d
3.5B6xδηp¨, tq}
2
0
À e2p0q `
ż t
0
α´
3
2 }α
3
2 v}2
ż
Ω0
`
|d3B5xδη|
2 ` |d3.5B6xδη|
2
˘
dxds
`
ż t
0
α´
3
2 }d3pR0 ` R1 ` R2 ` R3q}0 }α
3
2d
3B5xv}0ds ,
À e2p0q ` sup
sPr0,ts
P pE2psqq
ż t
0
α´
3
2 ds À e2p0q ` sup
sPr0,ts
P pE2psqq , (32)
where we have used the fact that
şt
0
α´
3
2 psqds ď C ă 8 uniformly for t ě 0.
Next for b “ 2, 3, 4, we let Bbx act on (28) and compute the L
2 inner-product with db`1Bbxv.
Following identically the strategy given above for the B5x-problem, we find that
}α
3
2d
2.5B4xvp¨, tq}
2
0 ` }d
2.5B4xδηp¨, tq}
2
0 ` }d
3B5xδηp¨, tq}
2
0 À e2p0q ` sup
sPr0,ts
P pE2psqq , (33)
}α
3
2d
2B3xvp¨, tq}
2
0 ` }d
2B3xδηp¨, tq}
2
0 ` }d
2.5B4xδηp¨, tq}
2
0 À e2p0q ` sup
sPr0,ts
P pE2psqq , (34)
}α
3
2d
1.5B2xvp¨, tq}
2
0 ` }d
1.5B2xδηp¨, tq}
2
0 ` }d
2B3xδηp¨, tq}
2
0 À e2p0q ` sup
sPr0,ts
P pE2psqq . (35)
We next consider the Bbx-problems with b “ 0 and 1. Since
η´2x “ p1` δηxq
´2
“ 1´ 2δηx `Ppδηxq ,
the momentum equation (28) can be written as
0 “ α3dBtv ` 2α
2
9αdv ` d δη ` dx` Bx
“
d
2p1´ 2δηxq
‰
` Bx
“
d
2
Ppδηxq
‰
“ α3dBtv ` 2α
2
9αdv ` d δη ` dx` 2ddx ´ 2Bxpd
2δηxq ` Bx
“
d
2
Ppδηxq
‰
“ α3dBtv ` 2α
2
9αdv ` d δη ´ 2Bxpd
2δηxq ` Bx
“
d
2
Ppδηxq
‰
,
where we have used the fact that d “ 1
4
p1 ´ x2q and so x ` 2dx “ 0. We then compute the L
2
inner-product of this equation with v “ Btδη to find that
d
dt
ż
Ω0
“
α3dv2 ` d δη2 ` 2d2δη2x
‰
dx` 4
ż
Ω0
9αα2dv2dx “
ż
Ω0
d
2
Ppδηxqvxdx .
Integrating from 0 to t and using the fact that both δη and δηx vanish at t “ 0, we have that
}α
3
2d
1
2 vp¨, tq}20 ` }d
1
2 δηp¨, tq}20 ` }d δη
2
xp¨, tq}
2
0
ď }d
1
2u0}
2
0 `
ż t
0
α´
3
2 psq
ż
Ω0
d
2
Ppδηxqα
3
2 psqvxdx ds À e2p0q ` sup
sPr0,ts
PpE2psqq . (36)
For the Bx-problem, we write (28) as
α3Btv ` 2α
2
9αv ` δη ´ 4dx δη ´ 2d δηx ` Bx
“
d
2
Ppδηxq
‰
“ 0
and differentiate to find that
α3Bxvt ` 2α
2
9αBxv ` Bxδη ´ 2Bx r2dx δη ` d δηxs ` Bx
“
d
2
Ppδηxq
‰
“ 0 .
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Computing the L2 inner-product of this equation with d2Bxv shows that
d
dt
ż
Ω0
”
α3d2v2x ` d
2δη2x ` 2d p2dx δη ` d δηxq
2
ı
dx` 4
ż
Ω0
9αα2d2v2xdx “
ż
Ω0
d
2
Ppδηxqvxdx .
Integrating from 0 to t, the same argument used to obtain (36) provides the bound
}α
3
2dBxvp¨, tq}
2
0 ` }dBxδηp¨, tq}
2
0 À e2p0q ` sup
sPr0,ts
PpE2psqq . (37)
Step 3. Building the higher-order norm E2ptq. From (32)–(37), we have that e2ptq À e2p0q `
supsPr0,ts P pE2psqq. Thus,
α3ptq
5ÿ
a“0
ż
Ω0
d
6|Baxvpx, tq|
2dx À e2p0q ` sup
sPr0,ts
P pE2psqq ,
and hence by the embedding (16),
α3ptq
˜
}vp¨, tq}22 `
3ÿ
a“0
ż
Ω0
d
2|Baxvpx, tq|
2dx`
4ÿ
a“0
ż
Ω0
d
4|Baxvpx, tq|
2dx
¸
À e2p0q ` sup
sPr0,ts
P pE2psqq .
It follows that
sup
sPr0,ts
3ÿ
b“0
}α
3
2d
bvp¨, sq}22`b À e2p0q ` sup
sPr0,ts
P pE2psqq . (38)
Similarly, the embedding estimate (16) also shows that
sup
sPr0,ts
˜
}d
7
2 B6xδηp¨, tq}
2
0 `
3ÿ
b“0
}dbδηp¨, sq}22`b
¸
À e2p0q ` sup
sPr0,ts
P pE2psqq . (39)
Then, from the Sobolev embedding theorem,
sup
sPr0,ts
´
}δηp¨, tq}2W 1,8 ` }α
3
2 vp¨, tq}2W 1,8
¯
À e2p0q ` sup
sPr0,ts
P pE2psqq . (40)
Step 4. Bound for E2ptq and global existence. The inequalities (38)–(40) show that
sup
sPr0,ts
E2psq À e2p0q ` sup
sPr0,ts
P pE2psqq for t P r0, T s ,
where T is independent of κ, since e2p0q is independent of κ. By assumption e2p0q ď ǫ. By choosing
ǫ sufficiently small, we have that E2ptq À ǫ for all t P r0, T s. Then, by the standard continuation
argument,
E2ptq À ǫ for all t ě 0 .
Hence, by the Sobolev embedding theorem, }ηx ´ 1}L8 À ǫ so that setting ε “ C ǫ,
1´ ε ď ηxpx, tq ď 1` ε for t ě 0 ,
thus verifying (25).
Step 5. The limit as κ Ñ 0. In order to produce our energy bounds, we have used the smooth
sequence pηκ, vκq. Since we have established that }αptq
3
2d
3vκp¨, tq}
2
5 ` }d
3pηκp¨, tq ´ xq}
2
5 À ǫ with
ǫ independent of κ, we have compactness, and it is a standard argument to show that ηk Ñ η in
C2pΩ0 ˆ r0, T sq for any T ă 8, where η is a solution of (22), and E2ptq À ǫ.
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3.3.2 Global existence for γ ą 3
We now explain how to treat the case where γ ą 3. The momentum equation (22b) takes the form
αγ`1Btv ` 2α
γ
9αv ` η `
γ
γ ´ 1
dxη
´γ
x ´ γdη
´γ´1
x B
2
xη “ 0 in Ω0 ˆ p0, T s . (41)
and it appears that energy estimates might produce an “anti-damping” term, which is explained
by focusing on only the first two terms of the equation: αγ`1Btv ` 2α
γ
9αv. Computing the L2
inner-product with v shows that
αγ`1
2
d
dt
}v}20 ` 2α
γ
9α}v}20 “
1
2
d
dt
`
αγ`1}v}20
˘
`
ˆ
2´
γ ` 1
2
˙
αγ 9α}v}20 .
If γ ą 3, then 2 ´ γ`1
2
ă 0 which produces the so-called anti-damping effect described in [7]. In
order to avoid such anti-damping, it is necessary that 2´ γ`1
2
ě 0 which only holds for γ ď 3 in 1-d
(and for γ ď 5
3
in 3-d).
Thus, in order to close energy estimates when γ ą 3 we shall divide (22b) by αγ´3. We are thus
lead to consider instead the equation
α4Btv ` 2α
3
9αv ` α3´γη `
γ
γ ´ 1
α3´γdxη
´γ
x ´ γα
3´γ
dη´γ´1x B
2
xη “ 0 in Ω0 ˆ p0, T s . (42)
Continuing to denote the near-identity map δηpx, tq “ ηpx, tq ´ x.
Definition 2 (Norm for γ ą 3 in 1-d). The higher-order energy function for γ ą 3 is given by
eγptq “ }α
3´γ
2 d
5γ´4
2γ´2 B5xδηp¨, tq}
2
0 `
4ÿ
a“0
´
}αptq2d
1`apγ´1q
2γ´2 Baxvp¨, tq}
2
0 ` }d
1`apγ´1q
2γ´2 Baxδηp¨, tq}
2
0
¯
,
and we set
Eγptq “ eγptq`}δηp¨, tq}
2
W 1,8`}α
2ptqvp¨, tq}2W 1,8 `
2ÿ
b“0
´
}α2ptqdbvp¨, tq}24γ´5
2γ´2`b
` }dbδηp¨, tq}24γ´5
2γ´2`b
¯
.
From (26), we have that
1
2
ď η´γ´1x px, tq and η
´γ´2
x px, tq ď 2 for t ě 0 . (43)
Theorem 3. For γ ą 3 and ǫ ą 0 taken sufficiently small, if the initial data satisfies eγp0q ă ǫ,
then there exists a global unique solution of the Euler equations (19), such that Eγptq ď ǫ for all
t ě 0. Furthermore, ξpx, tq “ αptqηpx, tq is a global solution to the 1-d Euler equations (19).
Proof. Step 1. Just as in the proof for γ “ 2, we smooth the initial data.
Step 2. Energy estimates. We let B4x act on (42), and letting vt :“ Btv, we find that
α4B4xvt ` 2α
3
9αB4xv ` α
3´γr1` p6γ ´ 3qη´γ´1x sB
4
xη
´ α3´γγBx
ˆ
4γ ´ 3
γ ´ 1
dxη
´γ´1
x B
4
xη ` α
3´γ
dη´γ´1x B
5
xη
˙
“ R0 ` R1 ` R2 ` R3 , (44)
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where the lower-order remainder terms for the fourth space differentiated problem are given by
R0 “ ´α
3´γp6γ2 ` 3γ ´ 3qη´γ´2x B
2
xηB
3
xη ,
R1 “ ´α
3´γγpγ ` 1qBx
ˆ
3γ ´ 2
γ ´ 1
dxη
´γ´2
x B
2
xηB
3
xη ` dη
´γ´2
x B
2
xηB
4
xη
˙
` p3γ2 ` γ ` 1qBx
`
ηγ´2x B
2
xηB
2
xη
˘
,
R2 “ ´α
3´γγpγ ` 1qB2x
ˆ
2γ ´ 1
γ ´ 1
dxη
´γ´2
x B
2
xηB
2
xη ` dη
´γ´2
x B
2
xηB
3
xη
˙
,
R3 “ ´α
3´γγpγ ` 1qB3x
`
dη´γ´2x B
2
xηB
2
xη
˘
,
.
We compute the L2 inner-produce of equation (44) with d
4γ´3
γ´1 B4xv, use the fact that
Bxpd
4γ´3
γ´1 B4xvq “ d
3γ´2
γ´1
ˆ
4γ ´ 3
γ ´ 1
dxB
4
xv ` dB
5
xv
˙
,
and with 9αptq ą 0, we obtain the following inequality:
d
dt
ˆ
}α2d
4γ´3
2γ´2 B4xv}
2
0 ` α
3´γ
ż
Ω0
d
4γ´3
γ´1 p1` 21η´5x q|B
4
xη|
2dx
˙
` pγ ` 1qp6γ ´ 3qα3´γ
ż
Ω0
d
4γ´3
γ´1 η´γ´2x vx |B
4
xη|
2dx
` γ
d
dt
α3´γ
ż
Ω0
d
3γ´2
γ´1 η´5x
ˆ
4γ ´ 3
γ ´ 1
dxB
4
xη ` dB
5
xη
˙2
dx
` γpγ ` 1q
ż
Ω0
d
3γ´2
γ´1 η´6x vx
ˆ
4γ ´ 3
γ ´ 1
dxB
4
xη ` dB
5
xη
˙2
dx ď 2
ż
Ω0
d
4γ´3
2γ´2
ˇˇˇ
pR0 ` R1 ` R2 ` R3qd
4γ´3
2γ´2 B4xv
ˇˇˇ
dx .
Integrating in time and using (23) and (43), we see that
}α2d
4γ´3
2γ´2 B4xvp¨, tq}
2
0 ` }α
3´γ
2 d
4γ´3
2γ´2 B4xηp¨, tq}
2
0 ` α
3´γ
ż
Ω0
ˆ
4γ ´ 3
γ ´ 1
dxd
3γ´2
2γ´2 B4xη ` d
5γ´4
2γ´2 B5xη
˙2
dx
À }d
4γ´3
2γ´2 B4xu0}
2
0 ` α
3´γ
ż t
0
}vx}L8
ż
Ω0
ˆ
4γ ´ 3
γ ´ 1
dxd
3γ´2
2γ´2 B4xη ` d
5γ´4
2γ´2 B5xη
˙2
dxds
` α3´γ
ż t
0
}v}L8
ż
Ω0
d
4γ´3
γ´1 |B4xη|
2dxds`
ż t
0
ż
Ω0
d
4γ´3
2γ´2
ˇˇˇ
pR0 ` R1 ` R2 ` R3qd
4γ´3
2γ´2 B4xv
ˇˇˇ
dxds ,
where we have used the fact that Baxηpx, 0q “ 0 for a ě 2.
Again, we use the fact that we are working with a smooth sequence pη, vq, and so we can integrate-
by-parts to find thatż
Ω0
ˆ
4γ ´ 3
γ ´ 1
dxd
3γ´2
2γ´2 B4xη ` d
5γ´4
2γ´2 B5xη
˙2
dx
“
ż
Ω0
ˆ
p4γ ´ 3q2
pγ ´ 1q2
d
2
xd
3γ´2
γ´1 |B4xη|
2 `
4γ ´ 3
γ ´ 1
d
4γ´3
γ´1 dxBxp|B
4
xη|
2q ` d
5γ´4
γ´1 |B5xη|
2
˙
dx
“
ż
Ω0
ˆ
´
4γ ´ 3
γ ´ 1
d
4γ´3
γ´1 dxx|B
4
xη|
2 ` d
5γ´4
γ´1 |B5xη|
2
˙
dx
“
ż
Ω0
ˆ
4γ ´ 3
γ
d
4γ´3
γ´1 |B4xη|
2 ` d
5γ´4
γ´1 |B5xη|
2
˙
dx ,
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the last equality following from (23). It follows that
}α2d
4γ´3
2γ´2 B4xvp¨, tq}
2
0 ` }α
3´γ
2 d
4γ´3
2γ´2 B4xηp¨, tq}
2
0 ` }α
3´γ
2 d
5γ´4
2γ´2 B5xηp¨, tq}
2
0
À }d
4γ´3
2γ´2 B4xu0}
2
0 `
ż t
0
}vx}L8
´
}α
3´γ
2 d
4γ´3
2γ´2 B4xηp¨, tq}
2
0 ``}α
3´γ
2 d
5γ´4
2γ´2 B5xηp¨, tq}
2
0
¯
ds
`
ż t
0
}v}L8
ż
Ω0
d
4γ´3
γ´1 |α
3´γ
2 B4xη|
2dxds`
ż t
0
ż
Ω0
d
4γ´3
2γ´2
ˇˇˇ
pR0 ` R1 ` R2 ` R3qd
4γ´3
2γ´2 B4xv
ˇˇˇ
dxds .
Using the fact that
şt
0
αpsq´2ds ď C ă 8 for all t ě 0, we have thatż t
0
}vx}L8
´
}α
3´γ
2 d
4γ´3
2γ´2 B4xηp¨, tq}
2
0 ` }α
3´γ
2 d
5γ´4
2γ´2 B5xηp¨, tq}
2
0
¯
ds
“
ż t
0
α´2}α2vx}L8
´
}α
3´γ
2 d
4γ´3
2γ´2 B4xηp¨, tq}
2
0 ` }α
3´γ
2 d
5γ´4
2γ´2 B5xηp¨, tq}
2
0
¯
ds À sup
sPr0,ts
P pEγpsqq ,
and similarly thatż t
0
}v}L8
ż
Ω0
d
4γ´3
γ´1 |α
3´γ
2 B4xη|
2dxds “
ż t
0
α´2}α2v}L8
ż
Ω0
d
4γ´3
γ´1 |α
3´γ
2 B4xη|
2dxds À sup
sPr0,ts
P pEγpsqq .
Furthermore, since each Ra, a “ 0, 1, 2, 3 is at least quadratic in Eptq, Hölder’s inequality and
the Sobolev embedding theorem shows that
}d
4γ´3
2γ´2 pR0 ` R1 ` R2 ` R3q}0 ď α
3´γ
2 rEγptq `PpEγptqqs ,
since only d
5γ´4
2γ´2 B5xδηp¨, tq is weighted by α
3´γ
2 ptq in eγptq, while the lower-order derivatives of δη have
no α-time-weights. Hence,ż t
0
ż
Ω0
d
4γ´3
2γ´2
ˇˇˇ
pR0 ` R1 ` R2 ` R3qd
4γ´3
2γ´2 B4xv
ˇˇˇ
dxds ď
ż t
0
α1´γPpEγpsqq}α
2
d
4γ´3
2γ´2 B4xv}0 À sup
sPr0,ts
P pEγpsq .
We have thus established that
}α2d
4γ´3
2γ´2 B4xvp¨, tq}
2
0 ` }α
3´γ
2 d
4γ´3
2γ´2 B4xδηp¨, tq}
2
0 ` }α
3´γ
2 d
5γ´4
2γ´2 B5xδηp¨, tq}
2
0 À eγp0q ` sup
sPr0,ts
P pEγpsqq .
(45)
Next, we let B3x act on (42) and compute the L
2 inner-product with dp3γ´2q{pγ´1qB3xv and then
let B2x act on (42) and compute the L
2 inner-product with dp2γ´1q{pγ´1qB2xv. Following identically
the strategy given above for the B4x-problem, we find that
}α2d
3γ´2
2γ´2 B3xvp¨, tq}
2
0 ` }α
3´γ
2 d
3γ´2
2γ´2 B3xηp¨, tq}
2
0 À eγp0q ` sup
sPr0,ts
P pEγpsqq , (46)
}α2d
2γ´1
2γ´2 B2xvp¨, tq}
2
0 ` }α
3´γ
2 d
2γ´1
2γ´2 B2xηp¨, tq}
2
0 À eγp0q ` sup
sPr0,ts
P pEγpsqq . (47)
Just as in the case that γ “ 2, we explain the modifications required for the lower-order energy
estimates. We again set δη “ η´x; then, η´4x “ p1` δηxq
´γ “ 1´ γδηx`Ppδηxq and (41) is written
as
0 “ d
1
γ´1
`
αγ`1Btv ` 2α
γ
9αv ` δη ` x
˘
` Bx
”
d
γ
γ´1 p1´ 4δηxq
ı
` Bx
”
d
γ
γ´1 Ppδηxq
ı
“ d
1
γ´1
`
αγ`1Btv ` 2α
γ
9αv ` δη
˘
` d
1
γ´1x`
γ
γ ´ 1
d
1
γ´1 dx ´ γBxpd
γ
γ´1 δηxq ` Bx
”
d
γ
γ´1 Ppδηxq
ı
“ d
1
γ´1
`
αγ`1Btv ` 2α
γ
9αv ` δη
˘
´ γBxpd
γ
γ´1 δηxq ` Bx
”
d
γ
γ´1 Ppδηxq
ı
,
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where we have used the fact that x ` γ
γ´1dx “ 0. We then divide by α
γ´3 and compute the L2
inner-product of this equation with v “ Btδη to find that
d
dt
ż
Ω0
”
α4d
1
γ´1 v2 ` α3´γd
1
γ´1 δη2 ` γα3´γd
γ
γ´1 |δηx|
2
ı
dx
` pγ ´ 3qαp2´ γq 9α
ż
Ω0
”
d
1
γ´1 δη2 ` d
γ
γ´1 |δηx|
2
ı
dx “ α3´γ
ż
Ω0
d
γ
γ´1 Ppδηxqvxdx .
Integrating from 0 to t, and using the fact that both δη and δηx vanish at t “ 0 and that α
3´γptq ď 1,
we have that
}α2d
1
2γ´2 vp¨, tq}20 ď }d
1
2γ´2 u0}
2
0 `
ż t
0
α´2psq
ż
Ω0
d
2
Ppδηxqα
2psqvxdx ds À eγp0q ` sup
sPr0,ts
PpEγpsqq .
(48)
To proceed with energy estimates for the first differentiated problem, we write the momentum
equation as α4Btv ` 2α
3
9αv ` α3´γδη ´ γ
γ´1dx δη ´ α
3´γγd δηx ` α
3´γBx
”
d
γ
γ´1 Ppδηxq
ı
“ 0 and
differentiate to find that
α4Bxvt ` 2α
3
9αBxv ` α
3´γBxδη ´ γα
3´γBx
„
4
3
dx δη ` d δηx

` α3´γBx
”
d
γ
γ´1 Ppδηxq
ı
“ 0 .
Computing the L2 inner-product of this equation with d
γ
γ´1 Bxv shows that
d
dt
ż
Ω0
«
α4d
γ
γ´1 v2x ` α
3´γ
d
γ
γ´1 δη2x ` γα
3´γ
d
1
γ´1
ˆ
γ
γ ´ 1
dx δη ` d δηx
˙2ff
dx
“ α3´γ
ż
Ω0
d
γ
γ´1 Ppδηxqvxdx .
Integrating from 0 to t, the same argument used to obtain (48) provides the bound
}α2d
γ
2γ´2 Bxvp¨, tq}
2
0 À eγp0q ` sup
sPr0,ts
PpEγpsqq . (49)
Step 3. Building the higher-order norm Eγptq. From (45)–(49), we have that
sup
sPr0,ts
eγptq À eγp0q ` sup
sPr0,ts
PpEγpsqq ,
and hence by the embedding (16),
α4ptq}vp¨, tq}21 ` α
4ptq
2ÿ
b“0
ż
Ω0
d
1
γ´1 |Bbxvpx, tq|
2dx À eγp0q ` sup
sPr0,ts
PpE2psqq .
From Theorem 5.3 in [11] and the definition of the fractional Hs norm (18), we have that
}α2ptqBxvp¨, tq}
2
2γ´3
2γ´2
À eγp0q ` sup
sPr0,ts
PpEγpsqq , (50)
and hence }α2ptqvp¨, tq}2p4γ´5q{p2γ´2q À eγp0q` supsPr0,ts PpEγpsqq. In fact, (16) and Theorem 5.3 in
[11] show that
2ÿ
b“0
}α2ptqdbvp¨, tq}24γ´5
2γ´2`b
À eγp0q ` sup
sPr0,ts
PpEγpsqq .
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Now, returning to the inequality (50), since for γ ą 3, p3γ ´ 2q{p2γ ´ 2q ą 1{2, by the Sobolev
embedding theorem, it follows that
}α2ptqvp¨, tq}2W 1,8 À eγp0q ` sup
sPr0,ts
PpEγpsqq
The fundamental theorem of calculus shows that ηpx, tq ´ x “
şt
0
vpx, sqds and so for a “ 0, ..., 4
and β ě 0,
|dβBaxδηpx, tq| “
ż t
0
α´2psq |α2psqdβBaxvpx, sq|ds À max
sPr0,ts
|α2dβBaxvpx, sq| ,
so that,
}δηp¨, tq}2W 1,8`
4ÿ
a“0
}dp1`3aq{p2γ´2qBaxδηp¨, tq}
2
0`
2ÿ
b“0
}dbδηp¨, tq}2p4γ´5q{p2γ´2q`b À eγp0q` sup
sPr0,ts
PpEγpsqq .
(51)
Step 4. Bound for Eγptq and global existence. We have shown that
sup
sPr0,ts
Eγpsq À eγp0q ` sup
sPr0,ts
P pEγpsqq for t P r0, T s ,
where T is independent of κ, since eγp0q is independent of κ. By assumption eγp0q ď ǫ. By choosing
ǫ sufficiently small, we have that Eγptq À ǫ for all t P r0, T s. Then, by the standard continuation
argument,
Eγptq À ǫ for all t ě 0 .
from which we have that
1´ ε ď ηxpx, tq ď 1` ε for t ě 0 ,
thus verifying (25).
Step 5. The limit as κ Ñ 0. Proceeding in the same manner as for the case γ “ 2 concludes the
proof.
3.3.3 Global existence for all 1 ă γ ď 3
As the parameter γ Ñ 1, it is necessary to study more and more space differentiated problems in
order to employ the Sobolev embedding theorem to ensure that }vxp¨, tq}
2
L8 is bounded. If 2 ă γ ď 3,
we can continue to use the same number of space differentiated problems as for the case γ ą 3, but
we do not have the α3´γ-weight present, and the higher-order energy is given by
eγptq “ }d
5γ´4
2γ´2 B5xδηp¨, tq}
2
0 `
4ÿ
b“0
´
}αptq
γ`1
2 d
1`bpγ´1q
2γ´2 Bbxvp¨, tq}
2
0 ` }d
1`bpγ´1q
2γ´2 Bbxδηp¨, tq}
2
0
¯
.
As we explained in obtaining (50), due to (16) and Theorem 5.3 in [11] and the definition of
the fractional Hs, }α2ptqBxvp¨, tq}
2
p3γ´2q{p2γ´2q À eγptq and by the Sobolev embedding theorem,
}α2ptqvp¨, tq}2W 1,8 À eγptq whenever p3γ ´ 2q{p2γ ´ 2q ą 1{2, which holds if γ ą 2.
Thus, for 1 ă γ ď 2, we must increase the number, a, of space differentiated problems. The
higher-order energy eγptq ensures that
d
1`apγ´1q
2γ´2 Baxvp¨, tq P L
2pΩ0q.
In order for vp¨, tq P HspΩ0q for s ą
3
2
, according to (16), it is necessary that
1` apγ ´ 1q
2γ ´ 2
ă a´
3
2
which implies that a ą
3γ ´ 2
γ ´ 1
.
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Definition 3 (Norm for 1 ă γ ď 3 in 1-d). For 1 ă γ ď 3 and for a ą 3γ´2
γ´1 , we define the
higher-order energy function as
eγptq “ }d
1`pa`1qpγ´1q
2γ´2 Ba`1x δηp¨, tq}
2
0 `
aÿ
b“0
´
}αptq
γ`1
2 d
1`bpγ´1q
2γ´2 Bbxvp¨, tq}
2
0 ` }d
1`bpγ´1q
2γ´2 Bbxδηp¨, tq}
2
0
¯
, .
and for the integer L ă a´ apγ´1q´1
2γ´2 , the norm is given by
Eγptq “ eγptq ` }δηp¨, tq}
2
W 1,8 ` }α
γ`1
2 vp¨, tq}2W 1,8
`
Lÿ
b“0
ˆ
}α
γ`1
2 d
bvp¨, tq}2apγ´1q´1
2γ´2 `b
` }dbδηp¨, tq}2apγ´1q´1
2γ´2 `b
˙
.
Having defined eγptq and Eγptq, the identical proof as for the case γ “ 2 provides us with the
following
Theorem 4. For 1 ă γ ď 3 and ǫ ą 0 taken sufficiently small, if the initial data satisfies eγp0q ă ǫ,
then there exists a global unique solution of the Euler equations (19), such that Eγptq ď ǫ for all
t ě 0. Furthermore, ξpx, tq “ αptqηpx, tq is a global solution to the 1-d Euler equations (19).
4 Global existence for 3-d compressible Euler equations
We now examine the multi-dimensional problem. The case that γ “ 2 is of particular interest as it
coincides with the shallow water equations. Herein, we prove global existence and the stability of
affine solutions for γ ą 1. While we write our proofs in the 3d setting, all of our results also hold
for 2d fluids.
4.1 Lagrangian formulation of the Euler equations
We define the Lagrangian flow of the velocity u by
Btξ “ u ˝ ξ for t ą 0 and ξpx, 0q “ x
where ˝ denotes composition so that ru ˝ ξspx, tq :“ upξpx, tq, tq . We set
B “ r∇ξs´1 (inverse of deformation tensor),
J “ det∇ξ (Jacobian determinant),
b “ J B (transpose of cofactor matrix).
Since ξp0, xq “ x, from [5], we have that ρ ˝ ξ “ ρ0J
´1, and the Euler equations in Lagrangian
coordinates can be written as
ρ0B
2
t ξ
i ` bki pρ
γ
0 J
´γq,k “ 0 in Ω0 ˆ p0, T s , (52a)
pξ, Btξq “ pe, ξ1q in Ω0 ˆ tt “ 0u , (52b)
with epxq “ x and ξ1 denoting, respectively, the initial position and velocity on Ω0. The initial
density function must satisfy ργ´10 pxq ě Cdistpx,Γ0q for x P Ω0 near Γ0.
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4.2 Perturbations of 3-d affine solutions for γ “ 2
We begin our analysis with the case that γ “ 2, the shallow water equations, which already places
us in the “anti-damping” analysis regime.
For a particular choice of the distance function dpxq to be made precise below and associated to
the affine flow, we set ρ0pxq “ dpxq, and write (52) as
dB2t ξ
i ` bki
`
d
2J ´2
˘
,k “ 0 in Ω0 ˆ p0, T s , (53)
The case γ “ 2 is particularly nice to start with precisely because the physical vacuum condition (4)
allows us to set ρ0 “ d, with no fractional powers on the distance function, which we find somewhat
elegant. As we shall explain, however, there is no fundamental difference in the analysis between
γ “ 2 and general γ.
4.2.1 Perturbation of the simplest affine solutions
As noted in Section 1.3, the simplest affine solutions are given by Aptq “ αptq Id, and for the most
part, the general stability theory can be reduced to the analysis of this type of motion.
We set Ω0 “ tx P R
3 : |x| ă 1u, the open unit ball, and we define the distance function to
Γ0 “ t|x| “ 1u to be
dpxq “
1
4
p1´ |x|2q . (54)
We continue to denote the perturbation of the affine flow by ηpx, tq. In particular, we assume
that solutions ξ to (52) have the form ξpx, tq “ Aptqηpx, tq and define
v “ Btη (Lagrangian perturbation velocity),
A “ r∇ηs´1 (inverse of perturbed deformation tensor),
J “ det∇ξ (Jacobian determinant of perturbation),
a “ J A (transpose of cofactor matrix of perturbation).
For the simplest affine motions, we consider solutions to (53) of the form
ξpx, tq “ αptqηpx, tq .
With vpx, tq “ Btηpx, tq, it follows that
Btξpx, tq “ 9αptqηpx, tq ` αptqvpx, tq .
For simplicity, let us suppose that at time t “ 0, ηpx, 0q “ epxq, the identity map on Ω0, and that
Btηpx, 0q “ u0pxq; furthermore, we let αp0q “ 1. Then,
Btξpx, 0q “ 9αp0qx` u0pxq .
In order to analyze the stability of the affine solution, we shall assume that u0pxq is a small pertur-
bation of the initial affine velocity 9αp0qx.
From (15), we have that :α “ α´4, and we see that the perturbation pη, vq satisfies the following
degenerate wave equation:
Btη “ v in Ω0 ˆ p0, T s , (55a)
α5Btv
i ` 2α4 9αvi ` ηi ` d´1aki
`
d
2J´2
˘
,k “ 0 in Ω0 ˆ p0, T s , (55b)
pη, vq “ pe, u0q in Ω0 ˆ tt “ 0u . (55c)
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We note that there is no loss of generality in choosing the initial condition ηpx, 0q to be the identity
map e; see Remark 3 below.
As in [3, 5], to derive a simple formula for the evolution of curl η, it is more convenient to write
(55b) as
α5Btv
i ` 2α4 9αvi ` ηi ` 2Aki
`
dJ´1
˘
,k “ 0 in Ω0 ˆ p0, T s . (56)
4.2.2 Perturbation of general affine solutions
We next considering perturbations of general affine solutions to (6), satisfying the hypotheses of
Lemma 1. In this case, solutions to (53) take the form
ξpx, tq “ A ptqηpx, tq or in components, ξipx, tq “ A ij ptqη
jpx, tq .
For perturbations ηpx, tq of a general affine solution, the momentum equation (55) is replaced by
pA T qisA
s
j Btv
j ` 2pA T qis
9A
s
j v
j `
1
detA
ηi `
1
detA
d
´1aki
`
d
2J´2
˘
,k “ 0 . (57)
or equivalently, as
pA T qisA
s
j Btv
j ` 2pA T qis
9A
s
j v
j `
1
detA
ηi `
2
detA
Aki
`
dJ´1
˘
,k “ 0 . (58)
The presence of the matrix pA T qisA
s
j in the above equations shall require a minor generalization of
the analysis of the simple case that A ptq “ αptq Id.
4.3 The perturbed velocity in Eulerian coordinates
With u continuing to denote the Euler velocity solving the Euler equations, we now let w “ v ˝ η´1
denote the Eulerian perturbed velocity. Note that since
Btξ “ A v ` 9A η “ A v ` 9A A
´1ξ and u “ Btξ ˝ ξ
´1 ,
we see that
upy, tq ´ 9A ptqA ptq´1y “ A ptqvpξ´1py, tq, tq “ A ptqvpη´1pA ptq´1y, tq, tq “ A ptqwpA ptq´1y, tq .
It follows that
wpA ptq´1y, tq “ A ptq´1upy, tq ´A ptq´1 9A ptqA ptq´1y ,
or equivalently with y “ A ptqz,
wpz, tq “ A ptq´1upA ptqz, tq ´A ptq´1 9A ptqz .
Furthermore, the density solving Euler is given by ρ ˝ pA ptqηq “ ρ0{pdet∇η detA ptqq or equiva-
lently with ξ “ Aptqη, we see that ρ “ pρ0{pdet∇ξqq ˝ ξ
´1.
4.4 Eulerian and Lagrangian derivatives
We use coordinates x “ px1, x2, x3q on Ω0. The gradient of a function F is
∇ “
ˆ
B
Bx1
,
B
Bx2
,
B
Bx3
˙
.
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We let B¯ “ xˆ∇ so that
B¯ “
`
x2B3 ´ x
3B2, x
3B1 ´ x1B3, x1B2 ´ x2B1
˘
. (59)
Notice that
B¯id “ 0 for i “ 1, 2, 3 .
The kth-component of the 1st partial derivative of a function F will be denoted by F,k “
BF
Bxk
.
Higher-order jth partial derivatives will be written as
F,r1¨¨¨rj :“
BjF
Bxr1 ¨ ¨ ¨ Bxrj
,
where j ě 1 is an integer and for i “ 1, ..., j, each ri “ 1, 2. We shall sometimes use the notation
∇jF to mean F,r1¨¨¨rj , when only the derivative count is important. Similarly, we shall write
B¯j :“ B¯r1 ¨ ¨ ¨B¯rj .
The divergence of a vector field V is
div V “ V 1,1`V
2,2`V
3,3 ,
and
curlV “
`
V 3,2´V
2,3 , V
1,3´V
3,1 , V
2,1´V
1,2
˘
. .
Throughout the paper, we will make use of the permutation symbol
εijk “
$&%
1, even permutation of t1, 2, 3u,
´1, odd permutation of t1, 2, 3u,
0, otherwise ,
(60)
This allows us to write the ith component of the curl of a vector-field V as
rcurlV si “ εijkV
k,j or equivalently curlV “ ε¨jkV
k,j
which agrees with our definition above, but is notationally convenient.
The ith component of the Lagrangian gradient ∇η is defined by
r∇ηf si “ f,k A
k
i .
We will also define the Lagrangian divergence and curl operators as follows:
divηW “ A
j
iW
i,j , (61)
and
curlηW “ ε¨jkA
r
jW
k,r . (62)
Finally, we shall use the Einstein summation convention, wherein repeated Latin indices i, j, k,
etc., are summed from 1 to 3, so for example Aki F,k “
ř
k“12 A
k
i F,k for i “ 1, 3.
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4.5 The cofactor matrix and the Jacobian determinant
4.5.1 The Jacobian, cofactor matrix, and Piola identity
The cofactor a can be written as the matrix
a “
»–η,2ˆη,3η,3ˆη,1
η,1ˆη,2
fifl . (63)
It is thus easy to verify that the columns of every cofactor matrix are divergence-free and satisfy the
so-called Piola identity
aki ,k “ 0 . (64)
The identity (64) will play a vital role in our energy estimates. (Note that we use the notation
cofactor for what is commonly termed the adjugate matrix, or the transpose of the cofactor.)
In 3-d, the Jacobian determinant satisfies the identity
J “
1
3
ηr,s a
s
r . (65)
4.5.2 Differentiating the Jacobian determinant and inverse deformation tensor
For any partial derivative Bj , j “ 1, 2, 3, the following identities will be useful to us:
BjJ “ a
s
rη
r,sj , BtJ “ a
s
rv
r,s , (66)
BjA
k
i “ ´A
k
rη
r,sj A
s
i , BtA
k
i “ ´A
k
rv
r,sA
s
i , (67)
4.5.3 Differentiating the cofactor matrix
Using (66)–(67) and the fact that a “ J A, we find that
Bra
k
i “ η
j ,sr JrA
s
jA
k
i ´A
k
jA
s
i s , (68)
Bta
k
i “ v
r,s J
´1rasra
k
i ´ a
s
ia
k
r s . (69)
4.5.4 Two important identities for energy estimates
The following identity is from [3, 4]:
Lemma 3. For any multi-index α,
´Bαηj ,m pA
m
j A
k
i ´A
k
jA
m
i q B
αvi,k “
1
2
d
dt
`
|∇η B
αη|2 ´ | divη B
αη|2 ´ 2| curlη B
αη|2
˘
.
Proof. We compute that
Bαηj ,m pA
m
j A
k
i ´A
k
jA
m
i q B
αvi,k
“ Bαηj ,mA
m
j B
αvi,k A
k
i ´ B
αηj ,mA
m
i B
αvi,k A
k
j
“ divη B
αη divη B
αv ´ Bαηj ,mA
m
i B
αvj ,k A
k
i `
`
Bαηj ,mA
m
i ´ B
αηi,mA
m
j
˘ `
Bαvj ,k A
k
i ´ B
αvi,k A
k
j
˘
“ divη B
αη divη B
αv ´∇ηB
αη∇ηB
αv ` Bαηj ,mA
m
i
`
Bαvj ,k A
k
i ´ B
αvi,k A
k
j
˘
“ ´∇ηB
αη∇ηB
αv ` divη B
αη divη B
αv ` 2 curlη B
αη curlη B
αv .
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Lemma 4. For any multi-index α, we define the matrix Gα “
»–Bαη,2ˆη,3Bαη,3ˆη,1
Bαη,1ˆη,2
fifl. Then,
xk rG
αskp¨q “ ´pB¯B
αη3 ¨ B¯η2 , B¯Bαη1 ¨ B¯η3 , B¯Bαη2 ¨ B¯η1qT .
Proof. Using the identity (59), we find that
xk rG
αskp¨q “ ´pB¯B
αη3 ¨∇η2 , B¯Bαη1 ¨∇η3 , B¯Bαη2 ¨∇η1qT .
Since B¯Bαηj ¨x “ 0 for j “ 1, 2, 3, the ∇ operator can be replaced with the B¯ operator, and we arrive
at the desired formula.
4.6 Global existence in 3-d and stability of simple affine solutions
We shall first consider perturbations of the simple affine solutions A ptq “ αptq Id, and later treat
more general affine flows.
4.6.1 Some basic inequalities
The time-dependent vacuum boundary Γptq :“ αptqηpΓ0, tq is a closed surface whose geometry is
controlled by the ηpx, tq. For our analysis, we define the near identity map
δηpx, tq “ ηpx, tq ´ x .
We shall assume that for ϑ ą 0 taken sufficiently small,
}∇δηp¨, tq}L8 ď ϑ for all t ě 0 , (70)
and prove later that }∇δηp¨, tq}L8 ď Cǫ for all t ě 0 and for 0 ă Cǫ ! ϑ. Since
} Id´A}L8 “ }A p∇η ´ Idq}L8 ď ϑ}A}L8 ,
then p1´ ϑq}A}L8 ď } Id }L8 so that }A}L8 ď
1
1´ϑ} Id }L8 and hence
}A´ Id }L8 ď
ϑ
1´ ϑ
À ϑ and }AAT ´ Id }L8 ď
3ϑ
1´ ϑ
À ϑ for all t ě 0 . (71)
The bound (70) implies that
1´
1
10
ď Jpx, tq ď 1`
1
10
, (72)
and hence that „
1`
1
10
´1
ď J´1px, tq ď
„
1´
1
10
´1
. (73)
At time t “ 0, the physical vacuum condition (4) is satisfied as |∇d| “ 1{2 on Γ0 and that
|∇d| ď
1
2
and d,r “ ´
1
2
x,r and d,r1r2 “ ´
1
2
δr1r2 on Ω0 , (74)
where δr1r2 denote the Kronecker delta. Thanks to (73), we see that the physical vacuum condition
continues to be satisfied as long as the solution exists.
Finally, we shall use the fact that1
pa´ IdqJ´2 “ Lp∇δηq `Pp∇δηq , (75)
where L is linear function of its argument.
1 By (63), a ´ Id “ div δη Id´Diagrδη1,1 , δη
2,2 , δη
3,3 s ` Qp∇δηq which we write as Lp∇δηq ` Qp∇δηq with L
and Q respectively denoting linear and quadratic functions of their arguments. The identity (65) then shows that
J “ 1`div δη`Qp∇δηq`Cp∇δηq, with C denote a cubic function of its argument. Hence, J´2 “ 1´2div δη`Pp∇δηq.
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4.6.2 The norm used for the γ “ 2 analysis
Definition 4 (Norm for γ “ 2 norm). We define the γ “ 2 norm, E2ptq :“ E2 pηp¨, tq , vp¨, tqq, by
E2ptq “
8ÿ
b“0
8´bÿ
a“0
´
}d
b`1
2 ∇
bB¯aδηp¨, tq}20 ` }α
2
d
b`1
2 ∇
bB¯avp¨, tq}20
¯
`
9ÿ
b“1
}α´1{2d
b`1
2 ∇
bB¯9´bδηp¨, tq}20
`
7ÿ
a“0
´
}α2B¯avp¨, tq}23.5´a{2 ` }B¯
aδηp¨, tq}23.5´a{2
¯
`
8ÿ
a“0
}α´1{2B¯aδηp¨, tq}24´a{2
`
5ÿ
b“1
10´2bÿ
a“0
›››α´1{2db∇bB¯aδηp¨, tq›››2
4´a{2
`
4ÿ
b“1
9´2bÿ
a“0
´
}α2db∇bB¯av}23.5´a{2 ` }d
b
∇
bB¯aδη}23.5´a{2
¯
`
8ÿ
b“0
}α2d
b`2
2 ∇bB¯8´b curlη vp¨, tq}
2
0 .
Remark 2. Only the first two terms and the last term of E2ptq are essential in the definition of the
higher-order norm. All of the other terms in E2ptq follow from weighted embeddings and the Sobolev
embedding theorem. Moreover, we have defined E2ptq to have the fewest derivatives necessary for
the Sobolev embedding theorem to ensure that ∇Btv is pointwise bounded, a requirement for closing
estimates for weighted derivatives of curl δη.
More generally, we can define for all K ě 8, the K-dependent higher-order norm as
E
K
2 ptq “
Kÿ
b“0
K´bÿ
a“0
´
}d
b`1
2 ∇bB¯aδηp¨, tq}20 ` }α
2
d
b`1
2 ∇bB¯avp¨, tq}20
¯
`
K`1ÿ
b“1
}α´1{2d
b`1
2 ∇bB¯K`1´bδηp¨, tq}20
`
Kÿ
b“0
}α2d
b`2
2 ∇bB¯K´b curlη vp¨, tq}
2
0 .
Remark 3. With regards to the initial data for ηpx, 0q which determines the initial domain of the
problem, we can replace ηpx, 0q “ e with the initial condition ηpx, 0q “ η0pxq for any near-identity
embedding η0 : Ω0 Ñ R
d, such that E2pη0, u0q ă ǫ for ǫ ą 0 chosen sufficiently small. The only
modification to our analysis requires the replacement of the Jacobian determinant J by the ratio
J{pdet∇η0q.
4.6.3 Curl estimates
For the case of perturbations of simple affine solutions A ptq “ αptq Id, the curl estimates use formula
which is similar to that used in [3, 5].
Lemma 5 (Curl estimates). For all t ě 0,
7ÿ
b“0
7´bÿ
a“0loomoon
b`aą0
}d
b`2
2 curl∇bB¯aδηp¨, tq}20 `
8ÿ
b“0
}α´1{2d
b`2
2 curl∇bB¯8´bδηp¨, tq}20 À E2p0q ` sup
sPr0,ts
PpE2psqq .
Note that in 2-D, by defining curl δη “ ∇K ¨ δη with ∇K “ p´B2, B1q, the lemma also holds.
Proof. We let curlη act on equation (56), written as α
5Btv`2α
4
9αv`η`2∇η
`
dJ´1
˘
“ 0, and using
the fact that curlη annihilates ∇η and that curlη η “ 0, we obtain that
curlη Btv ` 2
9α
α
curlη v “ 0 .
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We commute Bt with curlη and find that
Btpcurlη vq ` 2
9α
α
curlη v “ ε¨kjv
k,r A
r
l v
l,mA
m
j ,
and so using the α2 integrating-factor, we have that
α2 curlη vp¨, tq “ curlu0 ` ε¨kj
ż t
0
α2vk,r A
r
l v
l,mA
m
j dt
1 . (76)
Then, since curlη v “ curl v ` ε¨jkv
k,r pA
r
j ´ δ
r
j q,
curl vp¨, tq “ α´2 curlu0 ` ε¨kjv
k,r pA
r
j ´ δ
r
j q ` ε¨kjα
´2
ż t
0
α2vk,r A
r
l v
l,mA
m
j dt
1 .
We set βptq “
şt
0
αpt1q´2dt1 ď C ă 8 for t ě 0. Applying the fundamental theorem of calculus once
again, and using the fact that curl η “ curl δη, shows that
curl δηp¨, tq “ βptq curlu0 ` ε¨kj
ż t
0
vk,r pA
r
j ´ δ
r
j qdt
1 ` ε¨kj
ż t
0
α´2
ż t1
0
α2vk,r A
r
l v
l,mA
m
j dt
2dt1 . (77)
For 0 ď b ď 7 and 0 ď a ď 7´ b with b` a ą 0, we have that
d
b`2
2 ∇
bB¯a curl δηp¨, tq “ βptqd
b`2
2 ∇
bB¯a curlu0 ` ε¨kj
ż t
0
d
b`2
2 ∇
bB¯a
“
vk,r pA
r
j ´ δ
r
j q
‰
dt1
` ε¨kj
ż t
0
α´2
ż t1
0
α2d
b`1
2 ∇bB¯a
“
vk,r A
r
l v
l,mA
m
j
‰
dt2dt1 .
From the definition of E2ptq, for 0 ď b ď 7 and 0 ď a ď 7 ´ b and b ` a ą 0, d
b`2
2 ∇bB¯a curl δη and
α2d
b`2
2 ∇bB¯a∇v have the same regularity. We have that
}d
b`2
2 ∇
bB¯a curl δηp¨, tq}20 “ βptq
ż
Ω0
d
b`2
∇
bB¯a curlu0 ∇
bB¯a curl δηdx ` J b,a1 ` J
b,a
2 ,
where
J
b,a
1 “ ε¨kj
ż
Ω0
ż t
0
α´2db`2∇bB¯a
“
α2vk,r pA
r
j ´ δ
r
j q
‰
dt1 ∇bB¯a curl δηdx ,
J
b,a
2 “ ε¨kj
ż
Ω0
ż t
0
α´2
ż t1
0
α´2db`2∇bB¯a
“
α2vk,r A
r
l α
2vl,mA
m
j
‰
dt2dt1 ∇bB¯a curl δηdx .
Rather than requiring the precise structure of the partial derivatives, it is only the derivative count
that is important in estimating J b,a1 and J
b,a
2 ; hence, we shall write these integrals as
J
b,a
1 “
ż
Ω0
ż t
0
α´2db`2∇bB¯a
“
α2∇v ∇δη
‰
dt1 ∇bB¯a curl δηdx ,
J
b,a
2 “
ż
Ω0
ż t
0
α´2
ż t1
0
α´2db`2∇bB¯a
“
α2∇vPpAqα2∇v
‰
dt2dt1 ∇bB¯a curl δηdx ,
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The case that b “ 0. We begin with the case that 1 ď a ď 7, and
J
0,a
1 “
ż
Ω0
ż t
0
α´2dB¯a
“
α2∇v ∇δη
‰
dt1 dB¯a curl δηdx ,
J
0,a
2 “
ż
Ω0
ż t
0
α´2
ż t1
0
α´2dB¯a
“
α2∇vPpAqα2∇v
‰
dt2dt1 dB¯a curl δηdx .
We estimate the case that a “ 7 whose analysis also covers the cases 1 ď a ď 6. We use the
integrability-in-time of α´2 together with the Cauchy-Schwartz inequality to estimate the integral
J
0,7
1 as follows:
J
0,7
1 À sup
sPr0,ts
››dB¯7rα2∇v ∇δηs››
0
}dB¯7 curl δη}0
Then, using the product rule and Hölder’s inequality, we have that
}dα2B¯7∇v α´1{2∇δη}0 À }dα
2 B¯7∇v}0 }∇δη}L8 , }dα
2 B¯6∇v α´1{2B¯∇δη}0 À }dα
2 B¯6∇v}0 }B¯∇δη}L8 ,
}dα2B¯5∇v α´1{2B¯2∇δη}0 À }α
2 B¯5∇v}0 }dB¯
2
∇δη}L8 , }dα
2 B¯4v α´1{2 B¯3∇δη}0 À }α
2B¯4v}0 }dB¯
3
∇δη}L8 ,
}dα2B¯3v α´1{2B¯4∇δη}0 À }α
2B¯3v}L6 }dB¯
4
∇δη}L3 , }dα
2 B¯2v α´1{2 B¯5∇δη}0 À }α
2B¯2v}L8 }dB¯
5
∇δη}0 ,
}dα2B¯v α´1{2 B¯6∇δη}0 À }α
2B¯v}L8 }dB¯
6∇δη}0 , }dα
2v α´1{2B¯7∇δη}0 À }α
2v}L8 }dB¯
7∇δη}0 ,
and hence
J
0,7
1 À sup
sPr0,ts
PpE2psqq .
The integral J 0,72 is estimated using the same Hölder pairs. Thus, with the Cauchy-Schwarz inequal-
ity, we have shown that for 0 ď a ď 7,
}dB¯a curl δηp¨, tq}20 “ βptq
ż
Ω0
d
2B¯a curlu0 B¯
a curl δηdx` J 0,a1 ` J
0,a
2 À E2p0q ` sup
sPr0,ts
PpE2psqq .
We now examine the difficult case where B¯8 acts on curl δη. From (77), we also have that
}α´1{2dB¯8 curl δηp¨, tq}20 “ βptq
ż
Ω0
d
2B¯8 curlu0 α
´1B¯8 curl δηdx` J 0,81 ` J
0,8
2 , (78)
where
J
0,8
1 “
ż
Ω0
ż t
0
d B¯8 r∇v ∇δηs dt1 α´1dB¯8 curl δηdx ,
J
0,8
2 “
ż
Ω0
ż t
0
α´2
ż t1
0
d B¯8
“
α2∇vPpAq∇v
‰
dt2dt1 α´1dB¯8 curl δηdx .
We begin with the estimate for J 0,81 , which we write as
J
0,8
1 “
8ÿ
c“0
ż
Ω0
ż t
0
α´2d α2B¯8´c∇v B¯c∇δηdt1 αptq´1d B¯8 curl δηdx
“
8ÿ
c“0
ż
Ω0
ż t
0
α´2d α2B¯8´c∇v B¯c∇δη αpt1q´1{2
d
αpt1q
αptq
dt1 αptq´1{2dB¯8 curl δηdx .
We shall use the that fact
b
αpt1q
αptq ă C ă 8 for all t ě 0 with the constant C independent of t (this
follows from the condition 9αptq ě 0).
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In the case that c “ 8, since α´2 is integrable in time,
|J 0,81,c“8| À sup
sPr0,ts
}α´1{2dB¯8∇δη}0}α
2
∇v}L8}α
´1{2
dB¯8 curl δη}0 À sup
sPr0,ts
PpE2psqq .
In the case that 0 ď c ď 7, we integrate-by-parts in time to obtain that
J
0,8
1,c “ ´
ż
Ω0
ż t
0
dB¯8´c∇δη B¯c∇v dt1 αptq´1dB¯c curl δηdx`
ż
Ω0
dB¯8´c∇δη B¯c∇δη αptq´1dB¯8 curl δηdx
“ ´
ż
Ω0
ż t
0
α´2d αpt1q´1{2B¯8´c∇δη α2B¯c∇v
d
αpt1q
αptq
dt1 αptq´1{2dB¯8 curl δηdx
`
ż
Ω0
α´1{2dB¯8´c∇δη B¯c∇δη α´1{2dB¯8 curl δηdx .
Since α´2 is integrable in time, it follows that for c “ 0, 1,
|J 0,81,c | À sup
sPr0,ts
}α´1{2dB¯8´c∇δη}0}α
2B¯c∇v}L8}α
´1{2
dB¯8 curl δη}0 À sup
sPr0,ts
PpE2psqq .
For c “ 2, 3, 4, we estimate α´1{2dB¯8´c∇δη P L6pΩ0q and α
2B¯c∇v P L3pΩ0q, for c “ 5, 6, we estimate
α´1{2B¯8´c∇δη P L6pΩ0q and α
2
dB¯c∇v P L3pΩ0q, and for c “ 7, we estimate α
´1{2B¯∇δη P L8pΩ0q
and α2dB¯7∇v P L2pΩ0q. Therefore, |J
0,8
1 | À supsPr0,ts PpE2psqq.
We next consider the integral J 0,82 ; in particular, we need only analyze the integral
J
0,8
2,piq “
ż
Ω0
ż t
0
α´2
ż t1
0
d
2α2B¯8∇vPpAq∇v dt2dt1 αptq´1B¯8 curl δηdx
as all the other cases are easily estimated by Hölder’s inequality. We must again integrate-by-parts
in time, and we write the integral as J 0,8
2,piq “ K1 `K2 `K3 where
K1 “ ´
ż
Ω0
ż t
0
α´2
ż t1
0
d
αpt2q
αptq
αpt2q´1{2dB¯8∇δη PpAq Bt
“
α2∇v
‰
dt2dt1 pαptq´1{2dB¯8 curl δηqdx ,
K2 “ ´
ż
Ω0
ż t
0
α´2
ż t1
0
d
αpt2q
αptq
αpt2q´1{2dB¯8∇δη PpAq ∇v α2∇v dt2dt1 pα´1{2dB¯8 curl δηqdx ,
K3 “
ż
Ω0
ż t
0
α´2 p
d
αpt1q
αptq
αpt1q´1{2dB¯8∇δηq PpAqα2∇v dt1 pαptq´1{2dB¯8 curl δηqdx .
The integral K2 and K3 are easy to estimate (by virtue of the integrability of α
´2 in time) as follows:
K2 “ ´
ż
Ω0
ż t
0
α´2
ż t1
0
α´2
d
αpt2q
αptq
pαpt2q´1{2dB¯8∇δηq PpAq α2∇v α2∇v dt2dt1 pα´1{2dB¯8 curl δηqdx
ď sup
sPr0,ts
}α´1{2dB¯8∇δη}0}α
2∇v}2L8}α
´1{2
dB¯8 curl δη}0 ď sup
sPr0,ts
PpE2psqq ,
and similarly
K3 ď sup
sPr0,ts
}α´1{2dB¯8∇δη}0}α
2
∇v}L8}α
´1{2
dB¯8 curl δη}0 ď sup
sPr0,ts
PpE2psqq .
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To estimate K1, we write (56) as
α2.5Btpα
2vq ` α´1{2δη ` α´1{2x` 2α´1{2A∇pdJ´1q “ 0 ,
and hence
α2.5Btpα
2∇vq “ ´α´1{2
`
∇δη ´ Id`2∇
`
A∇pdJ´1
˘˘
.
Substitution of this identity show that the integral K1 “ K1piq `K1piiq, where
K1piq “
ż
Ω0
ż t
0
α´2
ż t1
0
α´2.5pα´1{2dB¯8∇δηq PpAq
”
α´1{2∇η
ı
dt2dt1 pα´1{2dB¯8 curl δηqdx ,
K1piiq “ 2
ż
Ω0
ż t
0
α´2
ż t1
0
α´2.5d2B¯8∇δηPpAqα´1{2
“
∇
`
A∇pdJ´1q
˘
´ Id
‰
dt2dt1 α´1B¯8 curl δηdx .
Since by the Sobolev embedding theorem, supsPr0,ts }α
´1{2∇ηp¨, tq}L8 À supsPr0,ts E
1
2
2 psq, we see that
K1piq À }α
´1{2
dB¯8∇δη}0}α
´1{2
∇η}L8}α
´1{2
dB¯8 curl δη}0 À sup
sPr0,ts
PpE2psqq .
Now, with (74),
2A∇pdJ´1q “ ´xAJ´1 ´ 2α´1{2J´1d∇ηpdivη ηq
“ xAJ´1 ` x pAJ´1 ´ Idq ´ 2J´1d∇ηpdivη ηq
and so“
∇
`
A∇pdJ´1q
˘
´ Id
‰
“
”
pAJ
´1
´ Idq ` xJ´1PpAq∇2 ηp1 ` d∇2ηq ` J´1PpAq∇pd∇2ηq
ı
.
It follows from (71), (73), and (75) that
}α´1{2∇
`
A∇pdJ´1q
˘
}L8 À α
´1{2
“
}∇δη}L8 ` }∇
2δη}L8 ` }∇
2δη}L8}d∇
2δη}L8 ` }∇pd∇
2δηq}L8
‰
.
Since d∇2δη “ ∇pd∇δηq ` 1
2
x∇δη, then
∇pd∇2δηq “ ∇2pd∇δηq `
1
2
x∇2δη `
1
2
∇δη
and hence since }α´1{2δηp¨, tq}4 and }α
´1{2
d∇δηp¨, tq}4 are both bounded by E2ptq
1
2 , the Sobolev
embedding theorem shows that
}α´1{2∇
`
A∇pdJ´1q
˘
}L8 À E2ptq
1
2 ` E2ptq .
Therefore,
K1piiq À }α
´1{2
dB¯8∇δη}0}α
´1{2∇
`
A∇pdJ´1q
˘
}L8}α
´1{2
dB¯8 curl δη}0 À sup
sPr0,ts
PpE2psqq .
We have thus estimated the integral K1 which together with our bounds for K2 and K3 shows that
J
0,8
2,piq À supsPr0,ts PpE2psqq, and hence that J
0,8
2 À supsPr0,ts PpE2psq.
From (78), and the Cauchy-Schwarz inequality, we have shown that
}α´1{2dB¯8 curl δηp¨, tq}20 À E2p0q ` sup
sPr0,ts
PpE2psqq ,
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and this concludes the estimates for the case that b “ 0.
The case that b “ 1. We start with the case that 0 ď a ď 6, and
}d
3
2∇
bB¯a curl δηp¨, tq}20 “ βptq
ż
Ω0
d
3
∇
bB¯a curlu0 ∇
bB¯a curl δηdx` J 1,a1 ` J
1,a
2 ,
where
J
1,a
1 “
ż
Ω0
ż t
0
α´2d3∇B¯a
“
α2∇v ∇δη
‰
dt1 ∇B¯a curl δηdx ,
J
1,a
2 “
ż
Ω0
ż t
0
α´2
ż t1
0
α´2d3∇B¯a
“
α2∇vPpAqα2∇v
‰
dt2dt1 ∇B¯a curl δηdx ,
We analyze the case that a “ 6, which also covers the cases 0 ď a ď 5. Again, we use the
integrability-in-time of α´2 together with the Cauchy-Schwartz inequality to estimate the integral
J
1,6
1 as follows:
J
1,6
1 À sup
sPr0,ts
›››d3{2∇B¯6rα2∇v α´1{2∇δηs›››
0
}d3{2∇B¯6 curl δη}0 .
Next, we write
d
3{2∇B¯6rα2∇v α´1{2∇δηs “ d3{2B¯6rα2∇2v α´1{2∇δηs ` d3{2B¯6rα2∇v α´1{2∇2δηs .
We estimate the L2-norm of d3{2B¯6rα2∇2v α´1{2∇δηs as follows:
}d3{2α2B¯6∇2v∇δη}0 À }d
3{2α2B¯6∇2v}0 }∇δη}L8 , }α
2
d
3{2 B¯5∇2v B¯∇δη}0 À }α
2
d
3{2 B¯5∇2v}0 }B¯∇δη}L8 ,
}d3{2α2B¯4∇2v B¯2∇δη}0 À }α
2
dB¯4∇2v}L3 }B¯
2
∇δη}L6 , }d
3{2α2B¯3∇2v B¯3∇δη}0 À }α
2 B¯3∇2v}0 }dB¯
3
∇δη}L8 ,
}d3{2α2B¯2∇2v B¯4∇δη}0 À }α
2B¯2∇2v}L3 }dB¯
4∇δη}L6 , }d
3{2α2B¯∇2v B¯5∇δη}0 À }α
2B¯∇2v}L3 }dB¯
5∇δη}L6 ,
}d3{2α2B¯2∇2v B¯6∇δη}0 À }α
2
∇
2v}L6 }dB¯
6
∇δη}L3 .
The L2-norm of d3{2B¯6rα2∇v α´1{2∇2δηs is estimated using the same Hölder pairs. Hence, J 1,61 À
E2p0q ` supsPr0,ts PpE2psqq. We use Hölder’s inequality in the identical way to estimate the integral
J
1,6
2 as well. Hence, with Cauchy-Schwarz, for 0 ď a ď 6,
}d
3
2∇bB¯a curl δηp¨, tq}20 À E2p0q ` sup
sPr0,ts
PpE2psqq .
In the hardest case that a “ 7, we have that
}α´1{2d3{2B¯7∇ curl δηp¨, tq}20 “ βptq
ż
Ω0
d
3∇B¯7 curlu0 α
´1{2∇B¯7 curl δηdx` J 1,71 ` J
1,7
2 , (79)
where
J
1,7
1 “
ż
Ω0
ż t
0
d
3B¯7
“
∇
2v ∇δη `∇v ∇2δη
‰
dt1 α´1∇B¯7 curl δηdx ,
J
1,7
2 “
ż
Ω0
ż t
0
α´2
ż t1
0
d
3B¯7
“
α2∇2vPpAq∇v `∇2δη α2∇vPpAq∇v
‰
dt2dt1 α´1∇B¯7 curl δηdx
The most challenging terms in J 1,71 are written as
J
1,7
1piq “
7ÿ
c“0
ż
Ω0
ż t
0
d
3{2
“
B¯7´c∇2v B¯c∇δη
‰
dt1 α´1d3{2∇B¯7 curl δηdx .
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Following our analysis of the term J 0,81 given above, we integrate-by-parts in time, and find that
J
1,7
1piq “ ´
7ÿ
c“0
ż
Ω0
ż t
0
α´2d3{2
«d
αpt1q
αptq
α´1{2pt1qB¯7´c∇2δη α2B¯c∇v
ff
dt1 α´1{2d3{2∇B¯7 curl δηdx
`
7ÿ
c“0
ż
Ω0
d
3{2
”
α´1{2B¯7´c∇2δη B¯c∇δη
ı
α´1{2d3{2∇B¯7 curl δηdx .
Due to the time integrability of α´2, we have that
J
1,7
1piq À sup
sPr0,ts
›››d3{2 ”α´1{2B¯7´c∇2δη α2B¯c∇vı›››
0
}α´1{2d3{2∇B¯7 curl δη}0
` sup
sPr0,ts
›››d3{2 ”α´1{2B¯7´c∇2δη B¯c∇δηı›››
0
}α´1{2d3{2∇B¯7 curl δη}0 .
Since α2B¯c∇v and B¯c∇δη have the same space regularity, it suffices to estimate the L2pΩ0q-norm of
d
3{2
“
α´1{2B¯7´c∇2δη α2B¯c∇v
‰
as follows: using Hölder’s inequality, if c “ 0, 1, then we estimate
α´1{2d3{2B¯7´c∇2δη P L2pΩ0q and α
2B¯c∇v P L8pΩ0q. If c “ 2, 3, then we estimate α
´1{2
dB¯7´c∇2δη P
L3pΩ0q and α
2B¯c∇v P L6pΩ0q. If c “ 4, then we estimate α
´1{2
dB¯3∇2δη P L6pΩ0q and α
2B¯4∇v P
L3pΩ0q. If c “ 5, then we estimate α
´1{2
dB¯2∇2δη P L8pΩ0q and α
2B¯5∇v P L2pΩ0q. If c “ 6, then
we estimate α´1{2B¯∇2δη P L6pΩ0q and α
2
dB¯6∇v P L3pΩ0q. Finally, if c “ 7, then we estimate
α´1{2∇2δη P L8pΩ0q and α
2
dB¯7∇v P L2pΩ0q. This shows that J
1,7
1 À supsPr0,ts PpE2psqq.
The same integration-by-parts in time argument used to estimate J 0,82 is used to estimate the
integral J 1,72 . The use of Hölder’s inequality is the same as just detailed for J
1,7
1 , and we find that
J
1,7
2 À supsPr0,ts PpE2psqq. Hence, from (79), we find that
}α´1{2d3{2B¯7∇ curl δηp¨, tq}20 ď E2p0q ` sup
sPr0,ts
PpE2psqq .
The cases 2 ď b ď 7. These cases follow identically to the cases b “ 0 and b “ 1 detailed above.
The case b “ 8. In this case,
}α´1{2d5∇bB¯a curl δηp¨, tq}20 “ βptq
ż
Ω0
d
10∇8 curlu0 α
´1∇8 curl δηdx` J 8,01 ` J
8,0
2 , (80)
where
J
8,0
1 “
ż
Ω0
ż t
0
α´2d5∇8
“
α2∇v ∇δη
‰
dt1 α´1d5∇8 curl δηdx ,
J
8,0
2 “
ż
Ω0
ż t
0
α´2
ż t1
0
α´2d5∇8
“
α2∇vPpAqα2∇v
‰
dt2dt1 α´1d5∇8 curl δηdx .
We begin with the estimate for J 8,01 , which we write as
J
8,0
1 “
8ÿ
c“0
ż
Ω0
ż t
0
α´2d5α2∇9´cv αptq´1{2∇1`cδη
d
αpt1q
αptq
dt1 αptq´1{2d5∇8 curl δηdx .
In the case that c “ 8, since α´2 is integrable in time,
|J 8,01,c“8| À sup
sPr0,ts
}α´1{2d5∇9δη}0}α
2∇v}L8}α
´1{2
d
5∇8 curl δη}0 À sup
sPr0,ts
PpE2psqq .
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In the case that 0 ď c ď 7, we integrate-by-parts in time to obtain that
J
8,0
1,c “ ´
ż
Ω0
ż t
0
α´2d5αpt1q´1{2∇9´cδη α2∇1`cv
d
αpt1q
αptq
dt1 α´1d5∇8 curl δηdx
`
ż
Ω0
α´1{2d5∇9´cδη ∇1`cδη α´1{2d5∇8 curl δηdx
À sup
sPr0,ts
´›››α´1{2d5∇9´cδη α2∇1`cv›››
0
` }α´1{2d5∇9´cδη ∇1`cδη}0
¯
}α´1{2d5∇8 curl δη}0 .
Since α2∇1`cv and ∇1`cδη have the same space regularity, it suffices to explain the estimate for the
L2-norm of α´1{2d5∇9´cδη α2∇1`cv. As 0 ď c ď 7 changes, we use the following Hölder pairs:
α´1{2d5∇9δη P L2 , α2∇v P L8 , α´1{2d4∇8δη P L2 , α2d∇2v P L8 ,
α´1{2d3∇7δη P L2 , α2d2∇3v P L8 , α´1{2d3∇6δη P L6 , α2d2∇4v P L3 ,
α´1{2d3∇5δη P L6 , α2d2∇5v P L3 , α´1{2d2∇4δη P L8 , α2d2.5∇6v P L2 ,
α´1{2d∇3δη P L8 , α2d3.5∇7v P L2 , α´1{2∇2δη P L8 , α2d4.5∇8v P L2 .
where we have used the fact that both d2.5∇6vp¨, tq and d3.5∇7vp¨, tq are bounded by E2ptq
1
2 by the
weighted embedding (16). It follows that J 8,01 À supsPr0,ts PpE2psqq,
Again, the same integration-by-parts in time argument used to estimate J 0,82 is used to estimate
the integral J 8,02 . The use of Hölder’s inequality is the same as just detailed for J
8,0
1 , and we find
that J 8,02 À supsPr0,ts PpE2psqq. Hence, from (80),
}α´1{2d5∇bB¯a curl δηp¨, tq}20 ď E2p0q ` sup
sPr0,ts
PpE2psqq .
We have thus established a priori estimates for weighted derivatives of curl δη.
4.6.4 Statement and proof of the stability theorem for γ “ 2
Having established weighted estimates for derivatives of curl δη, we now turn to energy estimates to
establish the existence of global-in-time perturbations to the affine flow. There are two fundamental
ideas for energy estimates: first, we use Lemma 3, which shows that for a differential operator D,
the structure DakiDv
i,k produces the highest-order energy contribution modulo curl estimates that
have already been established. As to the energy estimates, in order to build the regularity of δη
and v, one could study a succession of time-differentiated problems as was done in [3, 5] or use a
succession of higher-order weighted space derivatives with the power of the weight increasing with
the derivative count as was done in [9, 7]. Because our equation for the perturbations has temporal
weights, it appears more natural to use the method of higher-order weighted space derivatives as in
[9, 7].
Before stating the global existence and stability theorem, we establish two useful identities.
Lemma 6. We have that
´
“
d
´1
`
d
2W
˘
,k
‰
,r1 “ ´d
´2
`
d
3W,r1
˘
,k ´ rd,r1 W,k ´d,kW,r1 s ` δkr1W ,
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and for s ě 2,
´
“
d
´1
`
d
2W
˘
,k
‰
,r1¨¨¨rs “ ´d
´ps`1q
´
d
ps`2qW,r1¨¨¨rs
¯
,k`
s` 1
2
δkrsW,r1¨¨¨rs´1
`
s
2
δkrs´1W,r1¨¨¨rs´2rs `
s´ 1
2
δkrs´2W,r1¨¨¨rs´3rs´1rs `¨ ¨ ¨ ` δkr1W,r2¨¨¨rs
` d,kW,r1¨¨¨rs ´d,rs W,r1¨¨¨rs´1k`Brs
“
d,kW,r1¨¨¨rs´1 ´d,rs´1 W,r1¨¨¨rs´2k
‰
` Brs´1rs
“
d,kW,r1¨¨¨rs´2 ´d,rs´2 W,r1¨¨¨rs´3k
‰
` ¨ ¨ ¨ ` Br2¨¨¨rs rd,kW,r1 ´d,r1 W,k s ,
where δk0 “ 0 and Wr1¨¨¨j “ 0 for j ď 0.
This lemma is very similar to Lemma 4.4 in [7].
Proof. For integers ℓ ě 2,
´
“
d
´ℓ`1
`
d
ℓw
˘
,i
‰
,m“ ´d
´ℓ
`
d
ℓ`1w,m
˘
,i`
ℓ
2
δimw ` d,iw,m´d,mw,i . (81)
Indeed, this follows from the following simple computation:“
d
´ℓ`1
`
d
ℓw
˘
,i
‰
,m “ d
´ℓ`1pdℓwq,im ´pℓ´ 1qd
´ℓ
d,m pd
ℓwq,i
“ d´ℓ`1pdℓw,m q,i`ℓd
´ℓ`1pdℓ`1d,m wq,i ´pℓ´ 1qd
´ℓ
d,m pd
ℓwq,i
“ d´ℓpdℓ`1w,m q,i´d,iw,m`ℓd,m w,i`p1´ ℓqd,mw,i
` ℓpℓ´ 1qd´ℓ`1dℓ´2d,i d,m w ´
ℓ
2
δimw ´ ℓpℓ´ 1qd
´ℓ
d
ℓ´1
d,i d,m w
with cancellations in the last equality yielding (81).
By repeated application of this identity, the lemma is proved.
Lemma 7. For each anti-symmetric matrix M :“M ir, we associate the vectorĂM “ `M32 ´M23 ,M13 ´M31 ,M21 ´M12 ˘ .
Then for a differentiable scalar function f ,
rd,i f,r´d,r f,i s M
i
r “
1
2
B¯f ¨ ĂM .
Proof. Using (74),
2 rd,i f,r´d,r f,i s M
i
r
“ px2f,3´x3f,2 qpM
3
2 ´M
2
3 q ` px3f,1´x1f,3 qpM
1
3 ´M
3
1 q ` px1f,2´x2f,1 qpM
2
1 ´M
1
2 q ,
which is the desired identity.
Theorem 5 (Perturbations of simple affine motion for γ “ 2). For γ “ 2 and ǫ ą 0 taken
sufficiently small, if the initial data satisfies E2p0q ă ǫ, then there exists a global solution ηpx, tq of
(55) such that E2ptq ď ǫ for all t ě 0. In particular, the flow map η P C
0pr0,8q, H4pΩ0qq and the
moving vacuum boundary Γptq is of class H3.5 for all t ě 0. The composition ξpx, tq “ αptqηpx, tq
defines a global-in-time solution of the Euler equations (1). If the initial data satisfies E 92 ptq ď C,
then the solution ξpx, tq is unique.
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Proof. Step 0. Outline of the proof. The energy estimates and hence the proof of the theorem are
established as follows: for b “ 0, ..., 8 and a “ 0, ..., 8´ b, we let the operator B¯a∇b act on equation
(83) (below), multiply by the test function db`1B¯a∇bvi and integrate over Ω0. As b increases, the
power on the weight db`1 increases, and we use Lemma 6 to ensure that integration-by-parts does
not place any derivatives on the weight in the test function at the highest-order. The formation of
the fundamental energy terms produces error terms containing derivatives of highest-order, but these
errors terms are either of curl type or of tangential derivative type, and Lemmas 4, 5, and 7 are used
for their bounds. The control of the remainder of the error terms simply requires the use of Hölder’s
inequality together with weighted embeddings and the Sobolev embedding theorem. Because the
exact embedding inequality may change with the integers b and a, we detail these estimates by
starting with the zeroth-order energy and systematically increasing the derivative count until we
reach the highest-order energy terms.
Step 1. A smooth sequence of solutions. We consider initial conditions (22c) given by
pη, vq “ pe, uκ0q in Ω0 ˆ tt “ 0u , (82)
where uκ0 is given by (27). Notice that (22) is equivalent to (52); by the local-in-time well-posedness
theorem in [5], using the smooth initial data (82), there exist a smooth solution pηκ, vκq on a short
time-interval r0, T s (where T depends on κ) such that for each t P r0, T s, ηκp¨, tq P H
9pΩ0q, vκp¨, tq P
H8pΩ0q, and Btvκp¨, tq P H
7pΩ0q. We are thus able to consider higher-order energy estimates, as we
can rigorously differentiate the sequence pηκ, vκq as many time as required. Again, for notational
clarity, we will drop the subscript κ and simply write η and v.
Step 2. Zeroth-order estimate. We write the momentum equation (55) as
α4Btv
i ` 2α3 9αvi ` α´1ηi ` α´1d´1aki
`
d
2J´2
˘
,k “ 0 in Ω0 ˆ p0, T s . (83)
We begin with the zeroth-order L2 (physical) energy estimate; testing (83) against dvi, we find
that
1
2
d
dt
´
}α2d1{2v}20 ` }α
´1{2
d
1{2η}20
¯
`
9α
2
}α´1d1{2η}20 ´ α
´1
ż
Ω0
d
2J´2vi,k a
k
i dx “ 0 .
Since vi,k a
k
i “ BtJ , we have that
1
2
d
dt
´
}α2d1{2v}20 ` }α
´1{2
d
1{2η}20
¯
`
9α
2
}α´1d1{2η}20 ´ α
´1 d
dt
ż
Ω0
d
2J´1 dx “ 0 .
Commuting d
dt
with α´1 and integrating in time from 0 to t, we find that
}α2d1{2v}20 ` }α
´1{2
d
1{2η}20 ` α
´1
ż
Ω0
d
2J´1 dx À E2p0q .
Now, since
|δηpx, tq| “
ˇˇˇˇż t
0
vpx, sqds
ˇˇˇˇ
ď
ż t
0
α´2psqds sup
sPr0,ts
α2psq|vpx, s| À sup
sPr0,ts
α2psq|vpx, s| ,
it follows that
}d1{2δη}20 ` }α
2
d
1{2v}20 ` }α
´1{2
d
1{2η}20 ` α
´1
ż
Ω0
d
2J´1 dx À E2p0q . (84)
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We next let tangential derivatives act on the momentum equation. We first detail the case that
only one tangential derivative enters the problem. Thus, we let B¯ act on (83) and since B¯id “ 0, we
obtain that
α4B¯vit ` 2α
3
9αB¯vi ` α´1B¯δηi ` α´1d´1B¯aki
`
d
2J´2
˘
,k `α
´1
d
´1aki
`
d
2B¯J´2
˘
,k “ 0 . (85)
Testing (85) against dB¯vi, we find that
1
2
d
dt
´
}α2d1{2B¯v}20 ` }α
´1{2
d
1{2B¯η}20
¯
`
9α
2
}α´1d1{2B¯η}20 ` I
0,B¯1
1 ` I
0,B¯1
2 “ 0 ,
where
I
0,B¯1
1 “ ´α
´1
ż
Ω0
d
2J´2B¯aki B¯v
i,k dx and I
0,B¯1
2 “ ´α
´1
ż
Ω0
d
2B¯J´2B¯vi,k a
k
i dx .
Using the identity (68) together with Lemma 3,
I
0,B¯1
1 “
α´1
2
ż
Ω0
d
2J´1
d
dt
`
|∇η B¯η|
2 ´ | divη B¯η|
2 ´ 2| curlη B¯η|
2
˘
dx ,
and with (66),
I
0,B¯1
2 “ 2α
´1
ż
Ω0
d
2J´3B¯ηr,s a
s
r B¯v
i,k a
k
i dx “ α
´1
ż
Ω0
d
2J´1
d
dt
| divη B¯η|
2 dx .
Hence,
1
2
d
dt
´
}α2d1{2B¯v}20 ` }α
´1{2
d
1{2B¯η}20
¯
`
9α
2
}α´1d1{2B¯η}20
`
α´1
2
ż
Ω0
d
2J´1
d
dt
`
|∇η B¯η|
2 ` | divη B¯η|
2 ´ 2| curlη B¯η|
2
˘
dx “ 0 .
Commuting d
dt
with α´1 and integrating in time from 0 to t, we then have that
}α2d1{2B¯v}20 ` }α
´1{2
d
1{2B¯η}20 ` α
´1
ż
Ω0
d
2
`
|∇η B¯η|
2 ` | divη B¯η|
2
˘
dx
À E2p0q ` α
´1
ż
Ω0
d
2| curlη B¯η|
2 dx`
ż t
0
α´2 9α
ż
Ω0
d
2| curlη B¯η|
2 dxds
`
ż t
0
α´3
ż
Ω0
J´1|PpAq| |∇B¯η|2 α2|∇v| dxds ,
and thanks to Lemma 5 and the fact that
ˇˇ
B¯δηpx, tq
ˇˇ
À supsPr0,ts α
2psq|B¯vpx, sq|,
}d1{2B¯δη}20 ` }α
2
d
1{2B¯v}20 ` }α
´1{2
d
1{2B¯η}20 ` }α
´1{2
d∇η B¯η}
2
0 ` }α
´1{2
d divη B¯η}
2
0
À E2p0q ` sup
sPr0,ts
PpE2psqq .
Finally, the estimate (71) shows that we can replace ∇η B¯η above with ∇ B¯η:
}d1{2B¯δη}20 ` }α
2
d
1{2B¯v}20 ` }α
´1{2
d
1{2B¯η}20 ` }α
´1{2
d∇B¯η}20 ` }α
´1{2
d divη B¯η}
2
0
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (86)
33
S. Shkoller and T. Sideris Global solutions to compressible Euler equations
Notice that in terms of the derivative count, the difference ∇B¯δη ´ B¯∇δη scales like ∇δη, so that we
also have that
}d1{2B¯δη}20 ` }α
2
d
1{2B¯v}20 ` }α
´1{2
d
1{2B¯η}20 ` }α
´1{2
dB¯∇η}20 ` }α
´1{2
d divη B¯η}
2
0
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (86’)
We shall make use of the fact that we can commute gradients and tangential derivatives, modulo
lower-order terms that have been estimated.
Using the same argument, we can consider the B¯a-problem, for integers a “ 2, ..., 8. Using
induction, assume that the B¯a´1-problem has been estimated. Then, we let B¯a´1 act on (85); it is
thus only necessary to analyze the terms that contain the B¯a derivatives, as all other terms with at
most B¯a´1 derivatives can be easily estimated by the B¯a´1-problem. Hence, we let B¯a´1 act on (85)
and test against dB¯avi to obtain
1
2
d
dt
´
}α2d1{2B¯av}20 ` }α
´1{2
d
1{2B¯aη}20
¯
`
9α
2
}α´1d1{2B¯aη}20 ` I
0,B¯a
1 ` I
0,B¯a
2 `R “ 0 ,
where R denotes a remainder consisting of lower-order terms estimated by the B¯a´1-problem and
I
0,B¯a
1 “ α
´1
ż
Ω0
“
d
2J´2B¯aaki
‰
,k B¯
avi dx and I0,B¯
a
2 “ α
´1
ż
Ω0
“
d
2B¯aJ´2
‰
,k B¯
avi aki dx ,
Using the identity (68),
B¯aaki “ B¯
a´1
`
B¯ηj ,s JrA
s
jA
k
i ´A
k
jA
s
i s
˘
“ B¯aηj ,s JrA
s
jA
k
i ´A
k
jA
s
i s ` r ,
where r “
řa´1
b“0 B¯
bηj ,s B¯
a´1´b
`
JrAsjA
k
i ´A
k
jA
s
i s
˘
. Since the highest-order derivative in r is given by
B¯a´1∇η and this term has been estimated by the B¯a´1-problem, we need only consider the integral
I
0,B¯a
1,high “ α
´1
ż
Ω0
“
d
2J´2 B¯aηj ,s JpA
s
jA
k
i ´A
k
jA
s
i q
‰
,k B¯
avi dx
“ ´α´1
ż
Ω0
d
2J´2 B¯aηj ,s JrA
s
jA
k
i ´A
k
jA
s
i s B¯
avi,k dx .
By Lemma 3,
I
0,B¯a
1,high “
α´1
2
ż
Ω0
d
2J´1
d
dt
`
|∇η B¯
aη|2 ´ | divη B¯
aη|2 ´ 2| curlη B¯
aη|2
˘
dx .
Then, for the integral I0,B¯
a
2 , we expand B¯
aJ´2 and by the same argument used for the integral I0,B¯
a
1 ,
we need only estimate the highest-order term
I
0,B¯1
2,high “ 2α
´1
ż
Ω0
d
2J´3B¯aηr,s a
s
r B¯
avi,k a
k
i dx “ α
´1
ż
Ω0
d
2J´1
d
dt
| divη B¯
aη|2 dx .
Now, we use the fact that curl η “ curl δη and that
curlδη B¯
aη “ curl B¯aδη `∇B¯aδη pA´ Idq ,
so that with (71) and Lemma 5,
}α´1{2d curlη B¯
8δη} À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 1, 2, 3, 4, 5, 6, 7, 8 .
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Hence, the sum of the two integrals I0,B¯
1
1,high`I
0,B¯1
2,high, after time integration, provide the energy terms
in the same way as for the B¯-problem, and we obtain that
}d1{2B¯aδη}20 ` }α
2
d
1{2B¯av}20 ` }α
´1{2
d
1{2B¯aη}20 ` }α
´1{2
d∇B¯aη}20 ` }α
´1{2
d divη B¯
aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 1, 2, 3, 4, 5, 6, 7, 8 . (87)
Step 3. First-order estimate. We next let ∇ “ Br1 act on (83) and write this as
α4Btv
i,r1 `2α
3
9αvi,r1 `α
´1ηi,r1 `α
´1
“
aki d
´1pd2J´2q,k
‰
,r1 “ 0 . (88)
The analysis of this equation is similar to that of the B¯-problem, but we must contend with the fact
that ∇d ‰ 0.
Using the product rule, Lemma 6, and (74), we have that“
aki d
´1pd2J´2q,k
‰
,r1 “ a
k
i ,r1 d
´1pd2J´2q,k `a
k
i d
´2
`
d
3J´2,r1
˘
,k
´ ar1i J
´2 `
“
d,r1 J
´2,k ´d,k J
´2,r1
‰
aki
“ aki ,r1 d
´2pd3J´2q,k `a
k
i d
´2
`
d
3J´2,r1
˘
,k
´ ar1i J
´2 `
1
2
xka
k
i ,r1 J
´2 `
“
d,r1 J
´2,k´d,k J
´2,r1
‰
aki . (89)
Testing (88) with d2vi,r1 yields
1
2
d
dt
´
}α2d∇v}20 ` }α
´1{2
d∇η}20
¯
`
9α
2
}α´1d∇η}20 `
5ÿ
j“1
I1j “ 0 , (90)
where
I11 “ ´α
´1
ż
Ω0
d
3J´2aki ,r1 v
i,kr1 dx , I
1
2 “ ´α
´1
ż
Ω0
d
3J´2,r1 v
i,kr1 a
k
i dx ,
I13 “ ´α
´1
ż
Ω0
d
2J´2vi,r1 a
r1
i dx , I
1
4 “
α´1
2
ż
Ω0
d
2xk a
k
i ,r1 J
´2vi,r1 dx ,
I
1
5 “ α
´1
ż
Ω0
d
2
“
d,r1 J
´2,k ´d,k J
´2,r1
‰
aki v
i,r1 dx .
Identity (68) together with Lemma 3 shows that
I11 “
α´1
2
ż
Ω0
d
3J´1
d
dt
`
|∇η ∇η|
2 ´ | divη ∇η|
2 ´ 2| curlη ∇η|
2
˘
dx ,
and (66) shows that
I12 “ 2α
´1
ż
Ω0
d
3J´3∇ηr,s a
s
r ∇v
i,k a
k
i dx “ α
´1
ż
Ω0
d
3J´1
d
dt
| divη ∇η|
2 dx .
Hence,
I11 ` I
1
2 “
α´1
2
ż
Ω0
d
3J´1
d
dt
`
|∇η ∇η|
2 ` | divη ∇η|
2 ´ 2| curlη ∇η|
2
˘
dx .
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Again using (66), we have that
I13 “ ´α
´1
ż
Ω0
d
2J´2BtJ dx “ α
´1 d
dt
ż
Ω0
d
2J´1 dx .
The estimates for the integrals I14 and I
1
5 rely on the tangential derivative estimates obtained in Step
2; in particular, both of these integrals have derivatives of highest-order, but of tangential derivative
type. Hence, using Lemma 4,
I14 “
α´3
2
ż
Ω0
d
2∇B¯η B¯η J´2α2∇v dx .
Note that (86) gives us control of α´1{2d∇B¯ηp¨, tq in L2pΩ0q while α
2
d∇V in L2pΩ0q appears on the
right-hand side of (90). Next, we use Lemma 7 and write I15 as
I15 “
α´1
2
ż
Ω0
d
2B¯J´2Ća∇v dx “ ´α´1
2
ż
Ω0
d
2J´2 divη B¯η Ća∇v dx ,
and we will again use the fact that (86) gives us control of α´1{2d divη B¯ηp¨, tq in L
2pΩ0q. We
integrate equation (90) in time from 0 to t, commute d
dt
with α´1, and find that
}α2d∇v}20 ` }α
´1{2
d∇η}20 ` α
´1
ż
Ω0
d
3
`
|∇η ∇η|
2 ` | divη ∇η|
2
˘
dx`
d
dt
α´1
ż
Ω0
d
2J´1 dx
À E2p0q ` α
´1
ż
Ω0
d
2| curlη ∇η|
2 dx`
ż t
0
α´2 9α
ż
Ω0
d
2| curlη ∇η|
2 dxds
`
ż t
0
α´3
ż
Ω0
J´1|PpAq| |∇2η|2 α2|∇v| dxds `
ż t
0
α´3
2
ż
Ω0
d
2|∇B¯η| |B¯η| J´2 |α2∇v| dxds
´
ż t
0
α´3
ż
Ω0
d
2J´1| divη B¯η| |A| |∇v| dxds ,
which, thanks to Lemma 5 and (86), shows that
}α2d∇v}20 ` }α
´1{2
d∇η}20 ` }α
´1{2
d
3{2∇η ∇η}
2
0 ` }α
´1{2
d
3{2 divη ∇η}
2
0
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq .
Then, since |∇δηpx, tq| À supsPr0,ts α
2psq|∇vpx, sq|, and using (71), we obtain that
}α2d∇δη}20 ` }α
2
d∇v}20 ` }α
´1{2
d∇η}20 ` }α
´1{2
d
3{2∇2η}20 ` }α
´1{2
d
3{2 divη ∇η}
2
0
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (91)
We next study the tangential derivative B¯a problem for a “ 1, ..., 7. We assume that the B¯a´1
problem has been estimated, and let B¯a act on (88) and use (89) to find that
α4BtB¯
avi,r1 `2α
3
9αB¯avi,r1 `α
´1B¯aηi,r1 `α
´1B¯aaki ,r1 d
´2pd3J´2q,k
` aki d
´2
`
d
3B¯aJ´2,r1
˘
,k ´B¯
aar1i J
´2 ´ ar1i B¯
aJ´2
`
1
2
xkB¯
aaki ,r1 J
´2 `
1
2
xka
k
i ,r1 B¯
aJ´2 `
“
d,r1 B¯
aJ´2,k ´d,k B¯
aJ´2,r1
‰
aki `R “ 0 ,
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where R denotes a remainder consisting of lower-order terms with at most ∇B¯a´1 derivatives. We
test this equation against B¯avi,r1 and obtain that
1
2
d
dt
´
}α2dB¯a∇v}20 ` }α
´1{2
dB¯a∇η}20
¯
`
9α
2
}α´1dB¯a∇η}20 `
5ÿ
j“1
I
1,B¯a
j `R “ 0 ,
where again R denotes a remainder consisting of lower-order terms and
I
1,B¯a
1 “ ´α
´1
ż
Ω0
d
3J´2B¯aaki ,r1 B¯
avi,kr1 dx ,
I
1,B¯a
2 “ ´α
´1
ż
Ω0
d
3B¯apJ´2q,r1 B¯
avi,kr1 a
k
i dx ,
I
1,B¯a
3 “ ´α
´1
ż
Ω0
d
2J´2B¯avi,r1 B¯
aar1i dx ,
I
1,B¯a
4 “
α´1
2
ż
Ω0
d
2xk B¯
aaki ,r1 J
´2B¯avi,r1 dx ,
I
1,B¯a
5 “ α
´1
ż
Ω0
d
2
“
d,r1 B¯
aJ´2,k ´d,k B¯
aJ´2,r1
‰
aki B¯
avi,r1 dx .
The integrals I1,B¯
a
1 ` I
1,B¯a
2 are estimated in the identical fashion as I
0,B¯a
1 ` I
0,B¯a
2 , while I
1,B¯a
3 is
estimated just as I0,B¯
a
1 . Now the integral I
1,B¯a
4 is estimated using Lemma 4 which shows that the
highest-order term in that integrand can be written as
α´2.5
ż
Ω0
α´1{2d2∇B¯a`1η B¯η J´2α2B¯a∇v dx
which is indeed estimated using the fact that for a “ 0, ..., 6, α´1{2d∇B¯a`1η is in L2pΩ0q by (87).
Similarly, I1,B¯
a
5 is estimated using Lemma 7, and with Lemma 5, we find that
}d∇B¯aδη}20 ` }α
2
d∇B¯av}20 ` }α
´1{2
d∇B¯aη}20 ` }α
´1{2
d
3{2
∇
2B¯aη}20 ` }α
´1{2
d
3{2 divη ∇B¯
aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 0, 1, 2, 3, 4, 5, 6, 7 . (92)
Step 4. Second-order estimate. For the second-order energy estimate, we let ∇2 :“ Br1r2 act on (55b)
and obtain the equation
α4Btv
i,r1r2 `2α
4
9αvi,r1r2 `α
´1ηi,r1r2 `α
´1
“
aki d
´1
`
d
2J´2
˘
,k
‰
,r1r2 “ 0 . (93)
Now, using the product rule and Lemma 6,“
aki d
´1
`
d
2J´2
˘
,k
‰
,r1r2
“ aki d
´3
“
d
4pJ´2q,r1r2
‰
,k `a
k
i ,r1r2 d
´3
“
d
4J´2
‰
,k
´ 2d,k a
k
i ,r1r2 J
´2 ´
3
2
ar2i pJ
´2q,r1 ´a
r1
i pJ
´2q,r2
´
“
d,k pJ
´2q,r1r2 ´d,r2 pJ
´2q,r1k
‰
aki ´
“
d,k pJ
´2q,r1 ´d,r1 pJ
´2q,k
‰
,r2 a
k
i
` aki ,r2 d
´2
“
d
3pJ´2q,r1
‰
,k`a
r1
i ,r2 J
´2 ` aki ,r2
“
d,k pJ
´2q,r1 ´d,r1 pJ
´2q,k
‰
` aki ,r1 d
´2
“
d
3pJ´2q,r2
‰
,k`a
r2
i ,r1 J
´2 ` aki ,r1
“
d,k pJ
´2q,r2 ´d,r2 pJ
´2q,k
‰
.
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Thus, testing (93) against d3vi,r1r2 , we have that
1
2
d
dt
´
}α2d3{2∇2v}20 ` }α
´1{2
d
3{2∇2δη}20
¯
`
9α
2
}α´1d3{2∇2δη}20 `
7ÿ
j“1
I2j “ 0 , (94)
where
I21 “ α
´1
ż
Ω0
“
d
4pJ´2q,r1r2
‰
,k v
i,r1r2 a
k
i dx ,
I22 “ ´α
´1
ż
Ω0
“
d
4J´2aki ,r1r2
‰
,k v
i,r1r2 dx ,
I23 “ α
´1
ż
Ω0
d
3 xk a
k
i ,r1r2 J
´2vi,r1r2 dx ,
I24 “ ´α
´1
ż
Ω0
d
3
 “
d,k pJ
´2q,r1r2 ´d,r2 pJ
´2q,r1k
‰
`
“
d,k pJ
´2q,r1 ´d,r1 pJ
´2q,k
‰
,r2
(
aki v
i,r1r2 dx ,
I25 “ α
´1
ż
Ω0
d
3
„
´
3
2
ar2i pJ
´2q,r1 ´a
r1
i pJ
´2q,r2 `a
r1
i ,r2 J
´2 ` ar2i ,r1 J
´2

vi,r1r2 dx ,
I26 “ α
´1
ż
Ω0
d
3
 “
d,k pJ
´2q,r1 ´d,r1 pJ
´2q,k
‰
aki ,r2 `
“
d,k pJ
´2q,r2 ´d,r2 pJ
´2q,k
‰
aki ,r1
(
vi,r1r2 dx ,
I27 “ α
´1
ż
Ω0
d
3
 
aki ,r2 d
´2
“
d
3pJ´2q,r1
‰
,k `a
k
i ,r1 d
´2
“
d
3pJ´2q,r2
‰
,k
(
vi,r1r2 dx .
For j “ 1, 2, 3, 4, the integrals I2j have the highest derivative count, having three derivatives on η,
while the integrals Ij , j “ 5, 6, 7 are lower-order and are estimated using (92).
We begin with I21 and I
2
2 :
I21 “ 2α
´1
ż
Ω0
d
4J´1ηl,jr1r2 A
j
l v
i,r1r2k A
k
i dx´ 2α
´1
ż
Ω0
”
d
4
´
J´2A
j
l
¯
,r2 η
l,jr1
ı
,k v
i,r1r2 A
k
i dx
“ α´1
d
dt
ż
Ω0
d
4J´1| divη η,r1r2 |
2 dx´ α´1
ż
Ω0
d
4Bt
´
J´1A
j
lA
k
i
¯
ηl,jr1r2 η
i,r1r2k dx
´ 2α´1
ż
Ω0
”
d
4
´
J´2A
j
l
¯
,r2 η
l,jr1
ı
,k v
i,r1r2 A
k
i dx .
We write
d
4Bt
´
J´1A
j
lA
k
i
¯
ηl,jr1r2 η
i,r1r2k „ d
4J´1PpAq∇v∇3η∇3η ,
´2
”
d
4
´
J´2A
j
l
¯
,r2 η
l,jr1
ı
,k v
i,r1r2 „ d
4
PpJ´1Aq
“
∇3η ∇2η `∇2η ∇2η ∇2η
‰
∇2v ,
and then integrate I21 in time from 0 to t to find that
2ż t
0
I
2
1 psqds “ α
´1
ż
Ω0
d
4J´1| divη∇
2η|2 dx`
ż t
0
α´2 9α
ż
Ω0
d
4J´1| divη∇
2η|2 dxds
`
ż t
0
α´2
ż
Ω0
d
4J´1PpAqα2∇v α´1{2∇3η α´1{2∇3η dxds
`
ż t
0
α´2.5
ż
Ω0
d
4
PpJ´1Aq
”
α´1{2∇3η ∇2η ` α´1{2∇2η ∇2η ∇2η
ı
α2∇2v dxds´ E2p0q .
2We note that in the term divη∇2η, the operator divη acts on each component of the Hessian ∇2η. In particular
|divη ∇2η|2 “ divη ηi,r1r2 divη η
i,r1r2 .
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Similarly,
I
2
2 “ ´α
´1
ż
Ω0
d
4J´1ηj ,sr1r2 pA
s
r1
Aki ´A
s
iA
k
r1
qvi,r1r2k dx
` α´1
ż
Ω0
d
4
PpJ´1Aq
“
∇
3η ∇2η `∇2η ∇2η ∇2η
‰
∇
2v dx .
By Lemma 3,
´ηj,sr1r2 pA
s
r1
Aki ´A
s
iA
k
r1
qvi,r1r2k “
1
2
d
dt
`
|∇η η,r1r2 |
2 ´ | divη η,r1r2 |
2 ´ 2| curlη η,r1r2 |
2
˘
,
and hence
I
2
2 “
α´1
2
d
dt
ż
Ω0
d
4J´1
`
|∇η∇η|
2 ´ | divη∇
2η|2 ´ 2| curlη∇
2η|2
˘
dx
` α´1
ż
Ω0
d
4
PpJ´1Aq
“
∇
3η∇3η∇v `
`
∇
3η∇2η `∇2 η∇2η∇2η
˘
∇
2v
‰
dx
“
d
dt
α´1
2
ż
Ω0
d
4J´1
`
|∇η∇
2η|2 ´ | divη ∇
2η|2 ´ 2| curlη∇
2η|2
˘
dx
`
α´2 9α
2
ż
Ω0
d
4J´1
`
|∇η∇
2η|2 ´ | divη ∇
2η|2 ´ | curlη∇
2η|2
˘
dx
` α´1
ż
Ω0
d
4
PpJ´1Aq
“
∇
3η∇3η∇v `
`
∇
3η∇2η `∇2 η∇2η∇2η
˘
∇
2v
‰
dx .
Integrating in time from 0 to t, we find thatż t
0
`
I21 psq ` I
2
2 psq
˘
ds “
α´1
2
ż
Ω0
d
4J´1
`
|∇η∇
2η|2 ` | divη∇
2η|2 ´ 2| curlη ∇
2η|2
˘
dx
`
ż t
0
α´2 9α
2
ż
Ω0
d
4J´1
`
|∇η∇
2η|2 ` | divη∇
2η|2 ´ 2| curlη∇
2η|2
˘
dxds
`
ż t
0
α´2
ż
Ω0
d
4
PpJ´1Aq
”
α´1{2∇3η α´1{2∇3η∇v `
´
α´1{2∇3η∇2η `∇2 η∇2η∇2η
¯
α2∇2v
ı
dxds
´ E2p0q .
Next, we estimate the integral I23 . We use Lemma 4 to write xka
k
p¨q,r1r2 „ B¯η,r1r2 B¯η`B¯η,r1 B¯η,r2 .
It then follows that the highest-order term in
şt
0
I23 psqds can be written asż t
0
α´2.5
ż
Ω0
d
3 α´1{2∇2B¯η B¯η J´2α2∇2v dxds . (95)
This integral is estimated using the fact that α´1{2d3{2∇2B¯ is in L2pΩ0q by (92), the fact that α
2∇2v
in L2pΩ0q appears in (94), and again that α
´2.5 is integrable in time. We use Lemma 7 to estimate
I24 ; the highest-order term in
şt
0
I24 psqds can also be written as in (95) and hence estimated in the
same way. As noted above, the integrals Ij , j “ 5, 6, 7 are lower-order and are estimated using (92).
Hence, after time integration and thanks to Lemma 5, we obtain that
}α2d3{2∇2δη}20 ` }α
2
d
3{2∇2v}20 ` }α
´1{2
d
3{2∇2η}20 ` }α
´1{2
d
2∇3η}20 ` }α
´1{2
d
2 divη ∇
2η}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (96)
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We next study the tangential derivative B¯a problem for a “ 1, ..., 6. We assume that the B¯a´1 problem
has been estimated, and let B¯aBr1r2 act on (83) and test against B¯
aBr1r2v
i. In the same way that we
obtained (92), we find that
}α2d3{2∇2B¯aδη}20 ` }α
2
d
3{2∇2B¯av}20 ` }α
´1{2
d
3{2∇2B¯aη}20 ` }α
´1{2
d
2∇3B¯aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 0, 1, 2, 3, 4, 5, 6 . (97)
Step 5. Third-order through six-order estimates. Repeating the procedure detailed above, at the
third-order level, we find that
}d2∇3B¯aδη}20 ` }α
2
d
2∇3B¯av}20 ` }α
´1{2
d
2∇3B¯aη}20 ` }α
´1{2
d
5{2∇4B¯aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 0, 1, 2, 3, 4, 5 . (98)
At the fourth-order level, we obtain that
}d5{2∇4B¯aδη}20 ` }α
2
d
5{2
∇
4B¯av}20 ` }α
´1{2
d
5{2
∇
4B¯aη}20 ` }α
´1{2
d
3
∇
5B¯aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 0, 1, 2, 3, 4 . (99)
At the fifth-order level, we find that
}d3∇5B¯aδη}20 ` }α
2
d
3∇5B¯av}20 ` }α
´1{2
d
3∇5B¯aη}20 ` }α
´1{2
d
7{2∇6B¯aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 0, 1, 2, 3 , (100)
and at the sixth-order level,
}d7{2∇6B¯aδη}20 ` }α
2
d
7{2
∇
6B¯av}20 ` }α
´1{2
d
7{2
∇
6B¯aη}20 ` }α
´1{2
d
4
∇
7B¯aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 0, 1, 2 , (101)
while at the seventh-order level,
}d4∇7B¯aδη}20 ` }α
2
d
4∇7B¯av}20 ` }α
´1{2
d
4∇7B¯aη}20 ` }α
´1{2
d
4.5∇8B¯aη}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for a “ 0, 1 . (102)
Step 6. Highest order eighth-derivative estimates. For the eighth-order energy estimate, we let
∇8 :“ Br1¨¨¨r8 act on (55b) and obtain the equation
α4Btv
i,r1¨¨¨r8 `2α
4
9αvi,r1¨¨¨r8 `α
´1ηi,r1¨¨¨r8 `α
´1
“
aki d
´1
`
d
2J´2
˘
,k
‰
,r1¨¨¨r8 “ 0 . (103)
Now, using the product rule and Lemma 6,“
aki d
´1
`
d
2J´2
˘
,k
‰
,r1¨¨¨r8 “ a
k
i ,r1¨¨¨r8
“
d
´1
`
d
2J´2
˘
,k
‰
` aki
“
d
´1
`
d
2J´2
˘
,k
‰
,r1¨¨¨r8 ` l. o. t.
“ aki ,r1¨¨¨r8 d
´9
`
d
10J´2
˘
,k `a
k
i d
´9
`
d
10J´2,r1¨¨¨r8
˘
,k `4xka
k
i ,r1¨¨¨r8 J
´2
´
“
d,k J
´2,r1¨¨¨r8 ´d,r8 J
´2,r1¨¨¨r7k
‰
aki ´ Br8
“
d,k J
´2,r1¨¨¨r7 ´d,r7 J
´2,r1¨¨¨r6k
‰
aki
´ Br7r8
“
d,k J
´2,r1¨¨¨r6 ´d,r6 J
´2,r1¨¨¨r5k
‰
aki ´ Br6r7r8
“
d,k J
´2,r1¨¨¨r5 ´d,r5 J
´2,r1¨¨¨r4k
‰
aki
´ Br5¨¨¨r8
“
d,k J
´2,r1¨¨¨r4 ´d,r4 J
´2,r1r2r3k
‰
aki ´ Br4¨¨¨r8
“
d,k J
´2,r1r2r3 ´d,r3 J
´2,r1r2k
‰
aki
´ Br3¨¨¨r8
“
d,k J
´2,r1r2 ´d,r2 J
´2,r1k
‰
aki ´ Br2¨¨¨r8
“
d,k J
´2,r1 ´d,r1 J
´2,k
‰
aki ` l. o. t. , (104)
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where l. o. t. denotes lower-order terms which contain at most seven partial derivatives of η, and can
thus be estimated using (101).
Testing (103) against d9vi,r1¨¨¨r8 , we have that
1
2
d
dt
´
}α2d4.5∇8v}20 ` }α
´1{2
d
4.5∇8δη}20
¯
`
9α
2
}α´1d4.5∇8δη}20 `
4ÿ
j“1
I8j `R “ 0 ,
where R denotes integrals containing the lower-order terms l. o. t. described above, and
I81 “ α
´1
ż
Ω0
“
d
10pJ´2q,r1¨¨¨r8
‰
,k v
i,r1¨¨¨r8 a
k
i dx ,
I82 “ α
´1
ż
Ω0
“
d
10J´2aki ,r1¨¨¨r8
‰
,k v
i,r1¨¨¨r8 dx ,
I83 “ 4α
´1
ż
Ω0
d
9 xk a
k
i ,r1¨¨¨r8 J
´2vi,r1¨¨¨r8 dx ,
I84 “ ´α
´1
ż
Ω0
d
9
 
´
“
d,k J
´2,r1¨¨¨r8 ´d,r8 J
´2,r1¨¨¨r7k
‰
aki ´
“
d,k J
´2,r1¨¨¨r7 ´d,r7 J
´2,r1¨¨¨r6k
‰
,r8 a
k
i
´
“
d,k J
´2,r1¨¨¨r6 ´d,r6 J
´2,r1¨¨¨r5k
‰
,r7r8 a
k
i ´
“
d,k J
´2,r1¨¨¨r5 ´d,r5 J
´2,r1¨¨¨r4k
‰
,r6r7r8 a
k
i
´
“
d,k J
´2,r1¨¨¨r4 ´d,r4 J
´2,r1r2r3k
‰
,r5¨¨¨r8 a
k
i ´
“
d,k J
´2,r1r2r3 ´d,r3 J
´2,r1r2k
‰
,r4¨¨¨r8 a
k
i
´
“
d,k J
´2,r1r2 ´d,r2 J
´2,r1k
‰
,r3¨¨¨r8 a
k
i ´
“
d,k J
´2,r1 ´d,r1 J
´2,k
‰
,r2¨¨¨r8 a
k
i
(
aki v
i,r1¨¨¨r8 dx .
Again, with (68),
∇
8aki “ ∇
7
`
∇ηj ,s JrA
s
jA
k
i ´A
k
jA
s
i s
˘
“ ∇8ηj ,s JrA
s
jA
k
i ´A
k
jA
s
i s ` r ,
where r “
ř7
b“0 cb∇
bηj ,s∇
7´b
`
JrAsjA
k
i ´A
k
jA
s
i s
˘
, with each cb, a constant. Since the highest-order
derivative in r is given by ∇8η and this term has been estimated by (102), we need only consider
the integral
I81,high “ ´α
´1
ż
Ω0
d
10J´2 ∇8ηj ,s JrA
s
jA
k
i ´A
k
jA
s
i s ∇
8vi,k dx ,
and by Lemma 3,
I81,high “
α´1
2
ż
Ω0
d
10J´1
d
dt
`
|∇ηp∇
8ηq|2 ´ | divηp∇
8ηq|2 ´ 2| curlηp∇
8ηq|2
˘
dx .
Then, for the integral I82 , we expand ∇
8J´2 and by the same argument used for the integral I81 , we
need only estimate the highest-order term
I82,high “ 2α
´1
ż
Ω0
d
10J´3∇8ηr,s a
s
r ∇
8vi,k a
k
i dx “ α
´1
ż
Ω0
d
10J´1
d
dt
| divηp∇
8ηq|2 dx .
Integrating in time from 0 to t, we find thatż t
0
`
I81 psq ` I
8
2 psq
˘
ds “
α´1
2
ż
Ω0
d
10J´1
`
|∇ηp∇
8ηq|2 ` | divηp∇
8ηq|2 ´ 2| curlηp∇
8ηq|2
˘
dx
`
ż t
0
α´2 9α
2
ż
Ω0
d
10J´1
`
|∇ηp∇
8ηq|2 ` | divηp∇
8ηq|2 ´ 2| curlηp∇
8ηq|2
˘
dxds
`
ż t
0
α´2
ż
Ω0
d
10
PpJ´1Aqα´1{2∇9η α´1{2∇9η α2∇v dxds`
ż t
0
Rpsqds´ E2p0q ,
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where R consists of space integrals with lower-order terms having at most eight partial derivatives
of η, and hence easily estimated using (102).
To estimate I83 , we write
∇8a „ ∇9η ˆ∇η `
7ÿ
b“0
cb∇
b`1η∇8´bη ,
for constants cb. Clearly
ř7
b“0 cb∇
b`1η∇8´bη consists of lower-order terms that can be estimated
using (101). Hence, we consider the the highest-order term in I83 and use Lemma 4 to write
I
8
3,high “ ´4α
´1
ż
Ω0
d
9 B¯∇8η B¯η J´2∇8v dx .
Notice that α´1{2d4.5B¯∇8η is controlled in L2pΩ0q by (102), and hence
şt
0
I83 psqds is easily estimated
by virtue of the control of α2d4.5∇8v in L2pΩ0q and the time-integrability of α
´2. By Lemma 7, the
highest-order terms in the integral I84 can be written as
I84,high “ α
´1
ż
Ω0
d
9
PpJ´1AqB¯∇8η∇8v dx ,
and hence this can be estimated in the same way as I83 . With the use of Lemma 5, we thus find our
highest-order estimate to be
}d4.5∇8δη}20 ` }α
2
d
4.5
∇
8v}20 ` }α
´1{2
d
4.5
∇
8η}20 ` }α
´1{2
d
5
∇
9η}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (105)
Step 7. Building the higher-order norm E2ptq. Together, the estimates (84), (87), (92), (97), (98),
(99), (100), (101), (102), and (105) show that
sup
sPr0,ts
8ÿ
b“0
8´bÿ
a“0
´
}d
b`1
2 ∇bB¯aδηp¨, tq}20 ` }α
2
d
b`1
2 ∇bB¯avp¨, tq}20
¯
`
9ÿ
b“1
}α´1{2d
b`1
2 ∇bB¯9´bδηp¨, tq}20
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (106)
This bound then implies that
sup
sPr0,ts
5ÿ
b“1
10´2bÿ
a“0
›››α´1{2db∇bB¯aδηp¨, tq›››2
4´a{2
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq , (107)
which is proven as follows. We begin with b “ 1 in (106) which bounds α´1{2d∇B¯8δη P L2 as well as
α´1{2d1{2B¯8δη P L2. Thus, from (16), we may conclude that
}α´1{2B¯8δη}0 ` }α
´1{2
d∇B¯8δη}0 À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq .
Next, setting b “ 2 in (106), we may conclude that α´1{2d1{2B¯7δη, α´1{2d∇B¯7δη, and α´1{2d3{2∇2B¯7δη
are bounded in L2, and hence thatż
Ω0
d
3
`
|B¯7δη|2 ` |∇B¯7δη|2 ` |∇2B¯7δη|2
˘
dx À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (108)
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Thu, from (16), we have thatż
Ω0
d
`
|B¯7δη|2 ` |∇B¯7δη|2
˘
dx À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq . (109)
From3 Theorem 5.3 in [11] and the definition of the fractional Hs norm in Section 2, we have that
}α´1{2B¯7δη}1{2 À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq .
Now, since ∇pd∇B¯7δηq “ d∇2B¯7δη `∇d∇B¯7δη, we see that (108) and (109) together show thatż
Ω0
d
`
|d∇B¯7δη|2 ` |∇pd∇B¯7δηq|2
˘
dx À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq .
Then, applying Theorem 5.3 in [11] once again, we find that
}α´1{2B¯7δη}1{2 ` }α
´1{2
d∇B¯7δη}1{2 À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq .
The remaining summands in (106) are proved inductively using the identical procedure.
Using the weighted embeddings (16) and the procedure just described, we also find that
4ÿ
b“1
9´2bÿ
a“0
´
}α2db∇bB¯av}23.5´a{2 ` }d
b
∇
bB¯aδη}23.5´a{2
¯
À E2p0q`ϑ sup
sPr0,ts
E2psq` sup
sPr0,ts
PpE2psqq . (110)
It follows from the higher-order Hardy-type inequality in Lemma 2 that
7ÿ
a“0
´
}α2B¯avp¨, tq}23.5´a{2 ` }B¯
aδηp¨, tq}23.5´a{2
¯
`
8ÿ
a“0
}α´1{2B¯aδηp¨, tq}24´a{2
À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq .
Finally, from the identity (76),
α2d
b`2
2 ∇bB¯8´b curlη vp¨, tq “ d
b`2
2 ∇bB¯8´b curlu0 ` ε¨kjd
b`2
2 ∇bB¯8´b
ż t
0
α´2
`
α2vk,r A
r
l α
2vl,mA
m
j
˘
dt1.
The L2pΩ0q-norm is estimated using integration-by-parts in time, and follows identically the argu-
ment for the integral J 0,82 in the proof of Lemma 5, which shows that
}α2d
b`2
2 ∇bB¯8´b curlη vp¨, tq}
2
0 À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq .
Step 8. Bound for E2ptq and global existence. We have established that
sup
sPr0,ts
E2psq À E2p0q ` ϑ sup
sPr0,ts
E2psq ` sup
sPr0,ts
PpE2psqq for t P r0, T s ,
where T is independent of κ, since E2p0q is independent of κ. First, we choose ϑ ! 1 sufficiently
small. Then, by assumption E2p0q ď ǫ, and we choose ǫ ! ϑ sufficiently small so that E2ptq À ǫ for
all t P r0, T s. Then, by the standard continuation argument,
E2ptq À ǫ for all t ě 0 .
3Note well that the weighted embedding theorems are codimension-1 results; only the behavior in the direction
normal to the boundary of the domain determines the inequality.
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Hence, by the Sobolev embedding theorem, }∇δη}L8 À ǫ so that the inequalities (70)–(73) are
significantly improved. As E2ptq is bounded by for t ě 0, we have that η P L
8p0,8;H4pΩ0qq and
by applying Theorem A.2 in [6] to our functional framework we obtain that η P C0p0,8;H4pΩ0qq.
Since Γptq “ ηpΓ0, tq we then have that Γptq is of Sobolev class H
3.5 for all time t ě 0.
Step 9. The limit as κ Ñ 0. In order to produce our energy bounds, we have used the smooth
sequence pηκ, vκq introduced in Step 1. Since we have established that }vκp¨, tq}
2
3.5 ` }ηκp¨, tq}
2
4 À ǫ
with ǫ independent of κ, we have compactness, and it is a standard argument to show that ηk Ñ η
in C2pΩ0 ˆ r0, T sq for any T ă 8, where η is a solution of (55), and E2ptq À ǫ. By Theorem 1 in [5],
if E 92 ptq is bounded the solution is unique.
4.7 Global existence and stability of general affine solutions for γ “ 2
We now explain the modifications required to analyze the stability of general affine solutions to (6).
We shall make use of the following corollary to Lemma 1.
Corollary 1. Suppose that A ptq is a (global) solution of the system (6) in 3-d which satisfies
the estimates of Lemma 1. Let t¯ :“ 1` t and define
β “
$&% t¯
´3pγ´1q`1 1 ă γ ă 4
3
logp1` t¯q γ “ 4
3
1 4
3
ă γ
,
so that t¯´2β P L1r0,8q. We have the following asymptotic behavior:
A ptq “ t¯A1 ` B¯1ptq ,
dkB¯1
dtk
ptq “ Opt¯´kβptqq as tÑ 8 , (111a)
cof A ptq “ t¯2 cof A1 ` B¯2ptq ,
dkB¯2
dtk
ptq “ Opt¯1´kβptqq as tÑ8 , (111b)
detA ptq “ t¯3 detA1 ` B¯3ptq ,
dkB¯3
dtk
ptq “ Opt¯2´kβptqq as tÑ8 , (111c)
A
´1ptq “ t¯´1A ´11 ` B¯4ptq ,
dkB¯4
dtk
ptq “ Opt¯´2´kβptqq as tÑ8 , (111d)
9A ptqA ´1ptq “ t¯´1 Id`B¯5ptq ,
dkB¯5
dtk
ptq “ Opt¯´2´kβptqq as tÑ8 , (111e)
t¯2pdetA ptqq´1 “
1
t¯ detA1
` B¯6ptq ,
dkB¯6
dtk
ptq “ Opt¯´2´kβptqq as tÑ8 , (111f)
for k “ 0, 1, 2.
By Remark 1, we may assume that A1 is a diagonal matrix given by
A1 “ DiagrS1, S2, S3s and Λ “ A
´2
1 , (112)
where Si ą 0 for i “ 1, 2, 3. We set
η “ A 21 η , v “ A
2
1 v , and δηpx, tq “ ηpx, tq ´A
2
1 x ,
A “ r∇ηs´1 , J “ det∇η .
Notice that
A “ AΛ , J “ J detA 21 , and a “ J A . (113)
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The norm EK2 ptq is modified as follows:
E
K
2 ptq “
Kÿ
b“0
K´bÿ
a“0
´
}d
b`1
2 ∇bB¯aδηp¨, tq}20 ` }t¯d
b`1
2 ∇bB¯aA vp¨, tq}20
¯
`
K`1ÿ
b“1
}
c
t¯2
detA
d
b`1
2 ∇bB¯K`1´bδηp¨, tq}20 .
We continue to denote E 82 ptq by E2ptq.
Theorem 6 (Perturbations of general affine motion for γ “ 2). For γ “ 2 and ǫ ą 0 taken
sufficiently small, if the initial data satisfies E2p0q ă ǫ, then there exists a global solution ηpx, tq of
(55) such that E2ptq ď ǫ for all t ě 0. In particular, the flow map η P C
0pr0,8q, H4pΩ0qq and the
moving vacuum boundary Γptq is of class H3.5 for all t ě 0. The composition ξpx, tq “ αptqΛηpx, tq
defines a global-in-time solution of the Euler equations (1). If the initial data satisfies E 92 ptq ď C,
then the solution ξpx, tq is unique.
4.7.1 Curl estimates for the general momentum equation (57)
The presence of the affine matrix A ptq in the momentum equation (57) changes the method in which
we obtain the curl estimates. For general affine motion, we have the following
Lemma 8 (Curl estimates). For all t ě 0,
7ÿ
b“0
7´bÿ
a“0loomoon
b`aą0
}d
b`2
2 curl∇bB¯aδηp¨, tq}20 `
8ÿ
b“0
}
c
t¯2
detA
d
b`2
2 curl∇bB¯8´bδηp¨, tq}20 À E2p0q ` sup
sPr0,ts
PpE2psqq .
Proof. We shall explain the modifications of the proof of Lemma 5 that are required to prove this
inequality for the general affine motion. Recall that for isentropic flows, the Eulerian vorticity
ω “ curlu satisfies the evolution equation Btω ` u ¨ ∇ω ` ω div u “ ω ¨ ∇u. This means that
with regards to the Lagrangian variable ξpx, tq, we have that curlξ Btξ “ J
´1∇ξ ¨ ω0, where ω
i
0 “
εijk
´
A kl p0qpu0q
l,s pA
´1qsjp0q `
9A ks p0qpA
´1qsjp0q
¯
.
In components, we have that
εijkBtξ
k,r B
r
j “ J
´1ξi,k ω
k
0 .
Now, we use the fact that J “ detA J and Brj “ A
r
spA
´1qsj to conclude that
εijkBtξ
k,r A
r
spA
´1qsj “
1
detA
J´1A il η
l,r ω
r
0 .
Then, the identity Btξ “ A v ` 9A η shows that
εijkA
k
mv
m,r A
r
spA
´1qsj “ ´εijk
9A
k
s pA
´1qsj `
1
detA
J´1A il η
l,r ω
r
0 . (114)
and hence that
εijkA
k
mv
m,s pA
´1qsj “ ´εijkA
k
mv
m,r pA
r
s ´ δ
r
sqpA
´1qsj ´ εijk
9A
k
s pA
´1qsj `
1
detA
J´1A il η
l,r ω
r
0
“ ´εijkA
k
mv
m,r
ż t
0
BtA
r
spt
1qdt1pA ´1qsj ´ εijk
9A
k
s pA
´1qsj `
1
detA
J´1A il η
l,r ω
r
0 .
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Next, using the identities (111), we have that
εijkA
k
mv
m,s pA
´1qsj “ εijk
`
tA1 ` B¯1ptq
˘k
m
vm,s
`
t´1A ´11 ` B¯4ptq
˘s
j
“ εijkpA1q
k
mv
m,s pA1
´1qsj ` F¯
s
imptqv
m
s
and
dkF¯ sim
dtk
ptq “ Opt´1´kq as tÑ 8 .
We consider the third component of this curl vector corresponding to i “ 3. With (112), we have
that
S2
S1
v2,1´
S1
S2
v1,2 “ ´F¯
s
3mptqv
s,m´ε3jkA
k
mv
m,r
ż t
0
BtA
r
spt
1qdt1pA ´1qsj
´ ε3jk 9A
k
s pA
´1qsj `
1
detA
J´1A il η
3,r ω
r
0 .
We multiply this equation by S1S2 to obtain that
rcurlvs3 :“ S22v
2,1´S
2
1v
1,2 “ ´S1S2F¯
s
3mptqv
s,m´S1S2ε3jkA
k
mv
m,r
ż t
0
BtA
r
spt
1qdt1pA ´1qsj
´ S1S2ε3jk 9A
k
s pA
´1qsj `
S1S2
detA
J´1A il η
3,r ω
r
0 .
As before, the precise structure of the right-hand side of the above identity does not play any
role; as such, in order to simplify the presentation, we write
curlv „ F∇v `A∇v
ż t
0
A∇v Adt1 A ´1 ` 9A A ´1 ` pdetA q´1J´1A∇ηω0 .
Since all of the curl estimates utilize space differentiation, the term 9A A ´1 can be removed, and we
see that
curlv „ F t´1A ´1ptA∇vq `A∇v
ż t
0
At´1A ´1 ptA∇vqAdt1 A ´1 ` pdetA q´1J´1A∇ηω0 ,
and hence
curlδη „
ż t
0
F t´1A ´1ptA∇vqdt1 `
ż t
0
pdetA q´1J´1A∇ηω0dt
1
`
ż t
0
A∇v
ż t1
0
At´1A ´1 ptA∇vqAdt2 A ´1dt1
„
ż t
0
F t´1A ´1ptA∇vqdt1 `
ż t
0
pdetA q´1J´1A∇ηω0dt
1
`
ż t
0
«
t´1ptA∇vq
ż t1
0
At´1A ´1 ptA∇vqAdt2 A ´1
ff
dt1 . (115)
Notice that by (111),
şt
0
t1
´1
|A ´1pt1q|dt1 ď C ă 8 for t ě 0, and so with t´1|A ´1| replacing α´2
and
b
t2
detA
replacing α´
1
2 , we see that (115) has the same derivative count and time-integrability
properties as (77).
The weighted derivative estimates for curl δη then follow from the same procedure as in the proof
of Lemma 5, and we do not repeat them here.
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4.7.2 Modifications to the energy estimates for (57)
In order to make use of our curl estimates for δη, we shall multiply (58) by Λ to obtain
ΛlipA
T qisA
s
j Btv
j ` 2ΛlipA
T qis
9A
s
j v
j `
1
detA
Λliη
i `
2 detA 21
detA
ΛliA
k
i
`
dpJ detpA 21 qq
´1
˘
,k “ 0 .
By (113), this is equivalent to
ΛlipA
T qisA
s
j Btv
j ` 2ΛlipA
T qis
9A
s
j v
j `
1
detA
Λliη
i `
2 detA 21
detA
Akl
`
dJ´1
˘
,k“ 0 ,
which can also be written as
ΛlipA
T qisA
s
j Btv
j ` 2ΛlipA
T qis
9A
s
j v
j `
1
detA
Λliη
i `
detA 21
detA
d
´1akl
`
d
2J´2
˘
,k “ 0 . (116)
Following the energy estimates in the case of simple affine motion, we let B¯a∇b act on (116),
multiply by t¯2db`1B¯a∇bvl and integrate over Ω0. Thanks to Lemma 8 and Corollary 1, the difficult
estimates involving the nonlinear term
detA 2
1
detA
d
´1akl
`
d
2J´2
˘
,k are done in the identical fashion.
Let us now explain how the other terms are dealt with. As will be clear, it suffices to consider
the L2pΩ0q estimates for (116). Since v
l “ pΛ´1qlrv
r, we have thatż
Ω0
ΛlipA
T qisA
s
j Btv
j t2dvldx “
ż
Ω0
t¯2dΛlipA
T qisA
s
j Btv
j pΛ´1qlrv
rdx “
ż
Ω0
t¯2d pA T qisA
s
j Btv
j vidx
“
ż
Ω0
t¯2dA sj Btv
j
A
s
i v
idx “
ż
Ω0
t¯2d BtpA
s
j v
jqA si v
idx´
ż
Ω0
t¯2d 9A sj v
j
A
s
i v
idx
“
1
2
ż
Ω0
t¯2d Bt|A v|
2dx´
ż
Ω0
t¯2d 9A sj v
j
A
s
i v
idx
“
1
2
d
dt
ż
Ω0
t¯2d |A v|2dx´
ż
Ω0
t¯d |A v|2dx´
ż
Ω0
t¯2d 9A sj v
j
A
s
i v
idx (117)
Next,
2
ż
Ω0
ΛlipA
T qis
9A
s
j v
j t2dvldx “ 2
ż
Ω0
t2dΛlipA
T qis
9A
s
j v
j pΛ´1qlrv
rdx “ 2
ż
Ω0
t2d 9A sj v
j
A
s
i v
idx .
(118)
Finally,ż
Ω0
pdetA q´1Λliη
i t¯2dvldx “
ż
Ω0
pdetA q´1t¯2dΛliη
i pΛ´1qlrv
rdx “
ż
Ω0
pdetA q´1 t¯2d ηi vidx
“
1
2
ż
Ω0
pdetA q´1t¯2d Bt|η|
2dx “
1
2
ż
Ω0
pt¯ detA1q
´1
d Bt|η|
2dx`
1
2
ż
Ω0
B¯6ptqd Bt|η|
2dx
“
1
2 detA1
d
dt
ż
Ω0
t¯´1d |η|2dx`
1
2 detA1
ż
Ω0
t¯´2d |η|2dx`
ż
Ω0
B¯6ptqd η ¨ v dx . (119)
Summing over the identities (117)–(119), we have the following sum:
1
2
d
dt
´
}d
1
2 t¯A v}20 ` pdetA1q
´1}d
1
2 t¯´
1
2 η}20
¯
´
ż
Ω0
t¯d |A v|2dx`
ż
Ω0
t¯2d 9A sj pA
´1qjrA
r
l v
l
A
s
i v
idx
` p2 detA1q
´1}d
1
2 t¯´1η}20 `
ż
Ω0
B¯6ptqd η ¨ v dx .
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Now, using (111c), we have that
´
ż
Ω0
t¯d |A v|2dx`
ż
Ω0
t¯2d 9A sj pA
´1qjrA
r
l v
l
A
s
i v
idx “
ż
Ω0
t¯2d pB¯5qrsA
r
l v
l
A
s
i v
idx .
Hence, the sum of the identities (117)–(119) gives
1
2
d
dt
´
}d
1
2 t¯A v}20 ` pdetA1q
´1}d
1
2 t¯´
1
2 η}20
¯
` p2 detA1q
´1}d
1
2 t¯´1η}20
`
ż
Ω0
B¯6ptqd η ¨ v dx`
ż
Ω0
t2d pB¯5qrsA
r
l v
l
A
s
i v
idx .
This sum is integrated in time, and we use the fact that B¯5ptq and B¯6ptq are Opt¯
´2q as tÑ8 and
hence the time integral of B¯5ptq and B¯6ptq is uniformly bounded as tÑ8.
The higher-order estimates, applying the operator t2db`1B¯a∇bvl to (116) and testing with
t¯2db`1B¯a∇bvl work in the identical fashion as it is only the commutation of time-derivatives that
differs here from the simple affine case. Hence, the energy estimates follow in the identical fashion
as for the simple affine matrix.
4.8 Global existence and stability for all γ ą 5
3
For 1 ă γ ď 5
3
, global existence and stability of affine solutions was proven in [7]. We now establish
this result for all γ ą 5
3
.
For general γ, we set ρ0pxq “ dpxq
1
γ´1 , and write the Euler equations as (52) as
B2t ξ
i ` dpxq´
1
γ´1 bki
´
dpxq
γ
γ´1J ´γ
¯
,k “ 0 in Ω0 ˆ p0, T s . (120)
The perturbation ηpx, tq then satisfies
pA T qisA
s
j Btv
j ` 2pA T qis
9A
s
j v
j ` pdetA q1´γηi ` pdetA q1´γdpxq´
1
γ´1 aki
´
dpxq
γ
γ´1J´γ
¯
,k “ 0 .
(121)
Definition 5 (Norm for the case that γ ą 5
3
norm).
E
K
γ ptq “
Kÿ
b“0
K´bÿ
a“0
´
}d
bpγ´1q`1
2γ´2 ∇bB¯aδηp¨, tq}20 ` }t¯d
bpγ´1q`1
2γ´2 ∇bB¯aA vp¨, tq}20
¯
`
K`1ÿ
b“1
}t¯ pdetA q
1´γ
2 d
bpγ´1q`1
2γ´2 ∇bB¯K`1´bδηp¨, tq}20 .
The curl estimates are modified as follows:
Lemma 9 (Curl estimates for γ ą 5
3
). For K ě 8, t ě 0, and γ ą 5
3
,
K´1ÿ
b“0
K´1´bÿ
a“0looooomooooon
b`aą0
}d
bpγ´1q`2
2γ´2 curl∇bB¯aδηp¨, tq}20 `
Kÿ
b“0
}t¯ pdetA q
1´γ
2 d
bpγ´1q`2
2γ´2 curl∇bB¯K´bδηp¨, tq}20
À EKγ p0q ` sup
sPr0,ts
PpEKγ psqq .
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The proof of this lemma is identical to the proof of Lemma 8. For the energy estimates, we let B¯a∇b
act on on (121), then multiply by t¯2db`1{pγ´1qB¯a∇bvi, and integrate over Ω0. The procedure for
closing the energy estimates is again identical to the case γ “ 2 which was explained above; hence,
we have the following
Theorem 7 (Perturbations of general affine motion for γ ą 5
3
). For γ ą 5
3
, K ě 8, and ǫ ą 0 taken
sufficiently small, if the initial data satisfies EKγ p0q ă ǫ, then there exists a global solution ηpx, tq of
(55) such that EKγ ptq ď ǫ for all t ě 0. In particular, the flow map η P C
0pr0,8q, C2pΩ0qq and the
moving vacuum boundary Γptq is of class C2 for all t ě 0. The composition ξpx, tq “ αptqΛηpx, tq
defines a global-in-time solution of the Euler equations (1). If the initial data satisfies E 9γ ptq ď C,
then the solution ξpx, tq is unique.
For 1 ă γ ď 5
3
, as γ becomes smaller, we must increase the number, K, of space differentiated
problems. The higher-order energy EKγ ptq ensures that
d
1`Kpγ´1q
2γ´2 ∇Kvp¨, tq P L2pΩ0q.
From the estimates for curl δη given in Lemma 5, it is necessary to have ∇Btvp¨, tq P L
8pΩ0q, which,
in turn, necessitates that vp¨, tq is in HspΩ0q for s ą 3 by the Sobolev embedding theorem. In order
for vp¨, tq P HspΩ0q for s ą 3, according to (16), it is necessary that
1`Kpγ ´ 1q
2γ ´ 2
ă K ´ 3 which implies that K ą
6γ ´ 5
γ ´ 1
.
Definition 6 (Norm for 1 ă γ ď 5
3
in 3-d). For 1 ă γ ď 5
3
and for K ą 6γ´5
γ´1 , we define the
higher-order norm as
E
K
γ ptq “
Kÿ
b“0
K´bÿ
a“0
´
}d
bpγ´1q`1
2γ´2 ∇bB¯aδηp¨, tq}20 ` }t¯
3
2
pγ´1q
d
bpγ´1q`1
2γ´2 ∇bB¯aA vp¨, tq}20
¯
`
K`1ÿ
b“1
}d
bpγ´1q`1
2γ´2 ∇bB¯K`1´bδηp¨, tq}20 .
We have the corresponding curl lemma, again proved in the identical way as Lemma 8.
Lemma 10 (Curl estimates for 1 ă γ ď 5
3
). For K ą 6γ´5
γ´1 , t ě 0, and 1 ă γ ď
5
3
,
K´1ÿ
b“0
K´1´bÿ
a“0looooomooooon
b`aą0
}d
bpγ´1q`2
2γ´2 curl∇bB¯aδηp¨, tq}20 `
Kÿ
b“0
}d
bpγ´1q`2
2γ´2 curl∇bB¯K´bδηp¨, tq}20
À EKγ p0q ` sup
sPr0,ts
PpEKγ psqq .
For the energy estimates, we let B¯a∇b act on (121), then multiply by t¯3pγ´1qdb`1{pγ´1qB¯a∇bvi,
and integrate over Ω0. We then have that
Theorem 8 (Perturbations of affine motion for 1 ă γ ď 5
3
). For 1 ă γ ď 5
3
, K ą 6γ´5
γ´1 , and ǫ ą 0
taken sufficiently small, if the initial data satisfies EKγ p0q ă ǫ, then there exists a global solution
ηpx, tq of (55) such that EKγ ptq ď ǫ for all t ě 0. In particular, the flow map η P C
0pr0,8q, C2pΩ0qq
and the moving vacuum boundary Γptq is of class C2 for all t ě 0. The composition ξpx, tq “
αptqΛηpx, tq defines a global-in-time solution of the Euler equations (1). If the initial data satisfies
E Lγ ptq ď C for L ą
6γ´5
γ´1 ` 1 , then the solution ξpx, tq is unique.
Remark 4. In fact, by Lemma 1, our proof works for γ in the range 4
3
ă γ ď 5
3
, while the result
of [7] gives stability for general affine flows when 1 ă γ ď 4
3
.
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